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Mathisson � Papapetrou
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Nambu � Goto
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Abstract

The Mathisson-Papapetrou method is originally concieved for derivation of the particle
equation of motion from the covariant conservation of its stress–energy tensor. This
method is generalized to extended objects, such as a string. Without specifying the type
of matter the string is made of, one obtains both the equations of motion and boundary
conditions of the string. The world sheet equations turn out to be more general than the
familiar minimal surface equations. In particular, they depend on the internal structure of
the string. The relevant cases are classified by examining canonical forms of the effective
2-dimensional stress–energy tensor. The case of homogeneously distributed matter with
the tension that equals its mass density is shown to define the familiar Nambu-Goto

dynamics. The other three cases include physically relevant massive and massless strings,
and unphysical tachyonic strings.
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Nambu � Goto
*&)&6DA5&:4MXCL6�D 6;P *}>_9 +�6;C *,+Yw=<4576;);*&N�D,2=9Ep45&:=6 P *&NAM'�L<#"�5;<=2=*&)&64%�V�@L9 +B9|2=:=<4P 9,:=<�:L6 + <=pX67@ C=*C=9$"z*&P *;N,9,C49�DE5;:4MXC=9�N_+B9]>_9"D,)z6�P^6O5&9E:=<7>?6 DE5&:hMhC49�pm*&C=K=9EC45&:4<=D 6;C=6�M�>_9 +BC=* >�576kw=p=<�� <
Ni-

elsen � Olesen flux-tube
:=9E3!9En�6 M D,pX67@ 6;:=C=*A>}9 @ 9,ph5&:=*,+B<=C=6;P <=K=<

Higgs
*&)&*;N"5;<=2L64% 1J);<=P+B:hMhNE<=P 24:=<=P 9,:4*&P DE9�2=*&pX6%�,M >_9!+�6��k6O<=DE576|2=*&DA5&*A>_98:=9,67@ <=DA5&<=w=C49o5;9,*&:=< >_9o24*OR.6�P^6O5&9E:=<7>_9pm*A>?6]2=*;D,9 +LMk> Mqp=<=C=p � :=9A3]9En�6]M}*��O@ <4p4MqDA5&:4MXC=9%� ph6O*�<}+�6&�k6k+B*&)&*OR.6O)z6 > Mo*&243.5&9W>_9 + CL6kw=<=C=9p=:49E576On�6�<��,)&9 + 9,C=9]NE9,C=9E:L67@ <#�k6;K=< >_*&P

Papapetrou
*&);*&N.24*&DE5OMh24ph6h%QM�6;pm*&C�5;*&N 6�D,9�Mhp4:L6O5&pm*:L6+� P^6O5;:L6�P *&NEM'�LC4*&DE5 !�*&:=P Mk@ <4D 6On�6�@B6;N,:=6;C�'}<7>?6;CL6 �k6�5;9�*&243.5&9�9�!�9Ep45&<4)&C=9.>_9 + CL6kw=<=C=9p=:49E576On�6]<o+ *&pX6%�,M >_9 DE9S+�6!DE9 Mo*&243.5&9EP D @LMXwL6 > M�+B9 >_DA5&)&*�=�l"���� � !�*&:=P Mk@ <4D 6O5;< �&9�� Mh24* �5;:=9 �&9"2=*&P *(�LC=<#" )z6O:=<7>?6��O@L<#% �J*&CL6kw=C=*���w=<4576O)�P 9E5;*,+ <��,)&*��h9An�6�>_9 +BCL6kw=<=C=6 p=:=9A576On�6�D,9NE9,C=9E:L67@ <43!9�CL6qD @LMXwL6 > 9,pmDA5&9,Cm+B<=:L6;C4<#"�*��A>_9EpX6O576qD 6})&<43]9J+B<=P 9EC�� <7>?6#��<�CL6O)&*,+B9.DE9]9 !�9Ep �5;<=)&C=9 >_9 +BCL6kw=<=C=9�p4:=9E576On�6�< NE:L6;C=<4w=C=< M&D @ *&)&<)� 6

p � �;:L6;C4M|M�D,2=*OR.673!n�9,P � 6;p=:=<4)OR�9,C=*;P
D � +B<=P 9EC�� <=*;CL67@ C=*;PY2=:=*;DE5&*;:=)&:=9EP 9,C4MB%V�@ 9 + < � 6;phRSMXwL6;p�M�pm*&P 9�DE9]:=9,pX6;24<45;Mk@ <=:=6 > M :=9 �,Mk@L576O5;<�� +B6 > M � 6;phRSMXw=C=9!CL6;2=*&P 9EC=9�<CL6O)&*,+B9�+�67R�<|P *&NEM'�L<�2=:L6;);K=<�<4DE5&:=6%'q<4)z6On�64%

M�6�p4:L6 > M�DE9 C=67@B6%�,9�+ )z6JP^6O5&9EP^6O5&<=w4ph6J+B*,+�6O5&pX64%^\J:=);<oDE9 �&6;)&<�!�*&:=P^67@ <#� P *&P :L6%�,)&*A>?6
� 6 +�6O5;9 !JMXC=p=K4<7>_9 M]:=9 +�24*�<#� )&*,+B<=P^6

Dirac
*;)&9

δ
!JMXC=p=K=< >_9��mpm*A>_<�>_9�C=9,*;2#"z*,+�6;C��k6 M;*&243!576 �)z67n�9

Papapetrou
*&)&*;N P 9A5&*,+�64% !:4MXN,<}D,9 �z6;)&<

Stokes
*&)&*&P 5&9,*;:=9,P *&P�M

D
+B<=P 9EC�� < >?6��4pm*A>?6DE9.pm*&:=<4DE5&<�2=:=<�<#� )&*��X9En M|NE:L6;C=<=w4C=<#""M&D @ *&)z6 �k6oDE5&:hMhChM�<

p � �&:L6;C4MB%�� �k6�5&*&N 6oD,9�CL6;)&*,+B<DE2=<=D 6Op"@ <45;9,:L675;MX:=9;%
� 9 @ <=P"+B6 DE9��k6 "4)&67@ <=P�DE)&*&P�P 9EC45&*;:4M �O+B:���<X@ *&)z6;ChM	��6;D,<h@L<O�=M �&CL6 )&*��h9An M�<!2=*;P *��L<M�DE)&<=P�6OD,2=9Ep45&<=P^6 2=<=D 67n�6 *&);*&N^:L6 +�6��7*,+8<�� �&*&:L6 5&9EP 9�2=:49,pm*�:L6+� P^6O5;:L6On�6SpX*;C=K=9,2h5;Mz6 @ C=<#"2=<h576On�6]+ *}D,6;)&9E576�5&9$"hC=<=w=pm*&N]pX6;:=6;p45&9E:L64%
�J*&C=)&9EC=K=<7>_9�pm*A>_< " D,9}+ :�'q<4P *�M�:L6k+ M�DAM�DA@L9 +B9	�L9;%�
 :4w=p=<�<=CX+B9EpmD,< D 6�D,:49 +B<=C49�6 @ �!�6��&9A576��

µ, ν, . . .
�^DEM 2=:4*&DE5;*&:=)&:=9EP 9,C=DEp=<Q<=Cm+B9,pmD,< < M � <=P^6 > M�)&:=9 + C=*&DE5;<

0, 1, . . . , D − 1
%


 :=w=p4< <=CX+B9EpXDE< D,6Y2=*&w49E5&pX6 67@ !�6��;9E576��
α, β, . . .

��M �,<=P^6 > M D,6;P *Q2=:4*&DE5;*&:=C=9 )&:49 +BC=*;DE5&<
1, 2, . . . , D − 1

%�.6O5;<=C=DEp=< <=CX+ 9,pmD,<
a, b, c, . . .

� DEM <4CX+B9,pmDE< D,)&9A5&DEpX9 2=*&)&:h3]< < M D @LM �wL6 > M DE5;:4MXC=9oM �,<=P^6 > M�+B)&9�);:=9 +BC4*&DE5;<��
0
<

1
��+B*&p M D @LMXwL6 > M

p � �&:L6OC=9]M � <=P^6 > M�)&:=9 + C=*&DE5;<



0, 1, . . . , p
%}\J:=*;DE5&*;:=)&:=9EP 9,C=DEpX9}< pm*&*;:&+ <=CL6O5;9qCL6�D,);9E5&DEpm*A>.2=*&)&:h3]< *��&9A@L9�'86;)&6;P *|:=9 +B*;PD 6

xµ < ξa �k+B*&p!DE9�*,+BNE*&)z6;:L6 > M;�=<!P 9E5;:=<=w=p4<]5&9,C#� *&:=<�*%� CL6kwL6;)&6 > M�D 6 gµν(x)
<

γab(ξ)
% V�<=NECL6 �5;MX:=9SP 9A5&:=<=w4p=<#"85&9EC�� *;:L6�DAM

diag[+1,−1, . . . ,−1]
%�( N?@B6;);C=*&P �L9,P *��&<45;< �k6;<=Ch5&9,:49,D,*;)z6;C=<

�k6 !�<#� <=w=p4<�:=9A@ 9E)z6;C4576OCoD @LMXwL6 >
D = 4

�&67@ < � ph6OpX* �L9,P *J2=*;ph6+�k6O5;<�2=:=<�p=:L6 > MJ+ :4MXN,9 N?@B6;);9?�D,);<�:=9 �,Mk@L576O5;<�)z6%'}9 �k682=:=*;<�� )&*7R�C4M�)&:=9 +BC=*&DA58+ <=P 9,C��,<7>_9�2=:=*&DA5&*&:=);:=9,P 9ECL64%
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���� :������
M�6;pm*&Cq:=9E)&*O@LMXK=< >_9�pm*A> M�>_9SM�!�<#� <=p4M]+B*;C=9A@B6�D,2=9EK=<7>?67@LCL6.5&9E*&:=<7>?6�:=9A@ 6O5&<=);C=*&DE5;<��=C=*;)z6

DA@L<=pX6�2=:=*&DA5&*&:L6 < )&:49,P 9,C=6�*;5&)&*;:=<h@B6o>_9}< 2=<4576On�9�:49A@B6O5;<=)&<=DA5&<=w4pX9 !�*&:=P Mk@B6;K=< >_9�N,:L6 �)&<4576OK=<=*&C=*;N 24*OR.6�� >_9,: >_9
Newton

*;) � 6;pm*&C N,:=6;)&<4576;K4<7>_9�2=:=9,DA576;*�+�6 �;M +B9�MQDEph@B6 +LMQD 6:=9 �,Mk@L576O5;*&P *�pm*&C4DE576;C45;C=*&DA5&< �;:�� <=C49�D,)&9A5 @ *&DE5;< <�n�9,N,*;)&<=P 2=*&D @ 9 + <=KL6;P^64%�v �;*&N.5;*&N 6�>_9CL6;24:L6;)OR�9ECL6�*&243!57685&9E*&:=<7>?68:=9A@ 6O5&<=);*&DE5;<���pm*A>?6 �k6O2=:L6;)&*82=:49 +BDA576;)OR.6o5;9,*&:4<7> M|:=9A@ 6O5&<=);< �DE5;<=w=pm*&N.N,:L6;);<4576;K=<=*;C=*&N�2=*OR.64%
�J:=9E576On�9}5&9A@ 6�M :49A@B6O5;<=)&<=DA5&<=w4p=< !�*&:4P M @L<=D 6;C4*&P N,:L6O)&<4576;K=<4*&C=*&P�2=*ORSMq>_9o2=*&DA5767@ *

� C=6 w=6 >_C=*q);99� � �&*&N�9,pmD,249,:=<=P 9EC45767@ C49o24:=*&)&9E:=9�5;9 !�*&:=P Mk@B6OK=<7>_9;%`M�6;<4P 9�� 2=:=9EK=9,DE<7>?6 ��9E: �p4MX:=*&);*&N�249,:=<#"&9A@B6�< DA@ <4w=C=< 9,pmDE2=9,:=<4P 9,C45;< DAM D,9�P *;N?@ <Y*�� >?6;D,C=<h5&<Q:=9 @B6O5;<=)&<=DA5&<=w=p4<=Ppm*&:=9Ep=K=<7>?6;P^6
Newton

*&);*&N��k6;pm*&C=6 NE:L6;)&<4576OK=<7>_9��W< �&<h@ < M D >?6 >_C=*&P�D,pX@B6 + M D,6�5;9,*&:4<7>_*&P %
� 9E*&:=<7>?6�>_9��BP 9��mMm5&<4P ��<=P^67@ 6}C=9EpX9.pm*&C=K=9E245;M&67@ C=9�C=9 +B*&DA576O5&pm9�)&9 �k6;C=9.2=:=9�D,)&9EN 6 �k6ow=<4n�9 �C=<=KhM�+B68576kw=pX6;DA576|w49,DE5;<=KL6qC49.P *�'}9J576;pm*}@B6;pm*�+�6}DE9.2=*;)&9�'�9�D 68N,:=6;)&<4576;K4<=*&C=<=P 2=*7R�9,Ppm*A>_9�>_9 !�*&:=P Mk@ <=D,6;C=* �k6|P^6O5&9E:=<7> M pm*A>?6!>_9�pm*&C45&<4C4MX<=:L6;C=*|+B<=DE5;:=<��;MX<=:=6;CL6�24*�2=:4*&DE5;*&:4MB%
MJ* <=2L6;p � pX*;:=<=DE5;99�L< 2=:=<=C4K=<=2 9,p=)&<4)z67@ 9EC=K=<7>_9�< 2=*%� CL6O5;9!>_9 +BCL6kw=<4C=9�p=:=9A576On�6�576 w4ph6ODE5&9w=9EDE5&<4K=9�M�:L6O)&C=*&P �

Minkowski
>_9E)&*&Pj2=:4*&DE5;*&:4M ��P *&N?@B6 D,9|D 6ON,:L6 + <45&<Q*,+BNE*&)z6;:=6 > M'� 6A@%"h< ��&:=<m+BCL6�@�5&9E*&:=<7>?6!P 9$"m6;C4<=pm9^>_9 + C=9 w49,DE5;<=K=9�M8NE:L6;)&<h576;K=<=*&C4*&P�2=*ORSM �m<�>_9 +BCL6kw=<=C49�p=:=9A576On�6pm*A>_9 D,9 * +B6O5 @ 9 +B*��&<7>?6 > M!@L9,2=*.DEMo*&2=<=DE<=)z67@L9 24Mm576On�9 2h@B6;C49E576!*&pm*]VWMhC4KL6!<o*&DE5767@L9 9 !�9,ph5&9

*&243.5&9�5&9E*&:=<7>_9�:=9A@ 6O5&<=);C=*&DE5;<#%
��C=*&NE*!pX6;DEC=<7>_9��hD 6�CL6;2=:49E5&pm*&P�5;9,*&:4<7>_9�9 @ 9,P 9EC4576;:=C=< "�w=9EDE5&<4KL6!<o*&2=<=DE<=)z6On�9EP�P <=p=:=* �D,);9E576��B2=*A>?6;);<h@B68D,9�5&9,*;:=<7>?6}DA5&:4MXCL6h% � �,)&*&:=C=6}P *;5;<=)z6;K=< >?6�� 6oMX)&*��X9En�9�DE5&:hMhC=6}M !�<�� <=phMw=9EDE5&<4KL6o+B*;3�@B6�>_9�<���6;C=67@ <��,9!P 9��,*&C=DEp=<#" :49�� *;CL6;C=K=<�% ��6;pm*q<4D,2L6 +B6}2=:=9EP^6q9,pmDE2=9,:=<4P 9,C �5767@ C4<=P�:=9��EM @=576O5&<=P^6#�X24*�� CL675&9�:=9 � *&C=6;C=K=9%�&pX6;:L6;p45;9,:=<4D 6;C=9SP *&P 9EC45&*;P <=P 24Mk@ D 6

J
<]P^6;DE*&P

M
� �k6k+B*&)&*OR.6O)z6 > M !�9,C=*;P 9,C=*O@L*;3]pm*�2=:L6;);<h@ *

J = αM2 + const
� N_+B9.>_9

α
MhC4<=)&9,:#�k67@ C=6pm*&C=DA576;C45764%�1J);9�� 6;)&<=DEC=*&DA5&<�DE9 � *&);M

Regge
5&:L6 >_9,p45;*&:=<7>_9O%

]6 �&<"D,9�*��A>?6OD,C=<h@L9
Regge

5&:L6 >_9Ep45&*;:=<7>_9��BP 9��,*&C=DEpX9!:=9��,*&CL6;C=K49.DE9.2=*;D,P^6O5;:L6 > M|pX6;*o9,p �D,K4<45&*&)&6;CL6�)&9�� 6;CL6�DA576On�6o+B)z6qp4)z6;:=pX64% �JD,2=*;DE576;)&<X@ *|D,9.+�6q:49A@B6O5;<=)&<=DA5&<=w4ph6":=*;5;<=:L6 > M'� 6DE5;:4MXCL6YD,6�@B6;p4<=Pup=)z6O:=pm*&)&<=P^6 �k6;pX6kw=9EC=<=PrCL6 D,)&*A>_<4P p=:L6 >_9,)&<=P^6 �k6;<4DE576Y<=P^6�*&DE*��&<=C4M
J = αM2 + const

%�VW5&:4MXCL6 >_9�pX6;:=6;p45&9E:=<=D,6;CL6o5;9,C��,<7>_*&P
T
<�C49,P^6.+B:4MXN,9�DE5;:4MXp45;MX:=9O% ��6 �

$
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DEC=<7>_9.>_9�D "h)z6^�L9,C=*�+�6�24*&DE5;*A>_9�<�pX*;C�!�<=NEMX:L6;K4<7>_9�5&9,*;:=<7>_9�2=*OR.6�D,6�*&)z6;p4)&<=P�*&D,*��&<=CL6;P^6h%
M�6�24:=<=P 9,: � M D,pX67@B6;:4C=*A>�9 @ 9,p45;:=*,+B<=CL6OP <=K=<�2=*&DA5&*A>_<�5%� )=%

flux-tube
:=9E3!9En�9�>_9 +BCL6kw=<=CL6p=:49E576On�6opX* >_9�MX2=:=6;)&*8<=P^68*&D,*��;<=C=9

Nambu � Goto
*&)&9JDA5&:4MXC=9 � $ `�� %

MJ*&)z6�<=C=<4K=<7>?6O5;<=)z6 �k6�:L6%�,)&*A>�5&9,*;:=<7>_98DE5;:4MXCL6�CL6ODE5767@B6]>_9�D,9 +�6;P +B9ED,9E5;<#" N,*,+B<=C=6"2=:4* �3�@ *&N )&9Eph6#� pX6 +B6�D,9 <=DE2=*&DE576O)&<h@ *�+�6�DE9�MQ*&p4)&<=:4M p=)z6;Ch5&C=9�5;9,*&:=< >_9 DE5&:hMhC=6 2=:4<=:=*,+BC=*2=* >?6;)ORSM >_9JN,:L6O)&<4576;K=< >?6�� w=<=P 9�D,9�+B*;3�@ *oCL6o<m+B9 > Mq+�6�DE9.DA5&:4MXCL6;P^6o*&2=<=DAM > M|C=9 "m6 +B:4*&C=D,pm9:=9 � *&C=6;C=K=9%�X);99�89A@L9,P 9,Ch576;:=C=9 w=9,DA5&<=K49;% !:4MXN,<=P�:=9Ew=<=P^6��&5;9,*&:=< >?6�DA5&:4MXCL6�>_9�2=*;DE5767@B6�>_9 +�6;C*,+�P *&NEM'�L<#""*;p=)&<=:L6 �k6]M >_9 + <4n�9En�9�D,);<#""<=C45;9,:L6;p4K=<7>?64%
��6;pm*�< 2=*&DA@L9]5&:=<X+ 9,D,9A5�NE* + <=CL6�<=C45;9,C��,<=)&C=*&No:L6%�,)&*A>?6�*&)&6}5&9E*&:=<7>?6.>_*;3rMX)&9Ep C4<45&<�>_9DA5&:4MXp45OMh:4C=*)�k6O5;)&*&:=9ECL6|ph6O*�K=9 @ <=CL6|C=<45;< <4P^6*�&<X@ *|ph6Op=)&*|9,pmD,249,:=<=P 9EC45767@ C4* 2=:=9 + )&<��h6 �n�9%��9,Ch5;M � <7>?6+�k6;P �k6q24:=*&CL67@ 6%'�9En�9H@;5;9,*&:=< >_9]D,)&9EN 6�@�2=*&P *(�=M|5&9,*;:=<7>_9�DE5;:4MXCL6�pm*,+ P C=*&N,< "

!�<��,<=wL6;:L6 >_*;3-MX)&9Ep�C=9^>_9An�6;)z64% \J:=<45&*;P D,9�*;D,C=*&);CL6.<X+ 9 >?6!D,6;DE5;*A>_<qM85&*&P 9S+�6.DE9�w=9EDE5&<4KL6��pX6;*8576kw=pX6;DE5;< 9A@ 9EP 9E576;:=C4<�*��A>_9Eph675 � <��.pX*;N 6oDE9�NE:L6 +B<�D,)&9�*&DA5767@ *'�$� �k6;P 9EC=<�DA5&:4MXC=*;P �z>_9 + �C=*,+B<4P 9,C��,<=*&CL67@LC=<=P 9A@L9,P 9,Ch576;:=C=<=P *��A>_9,p45;*&P %
M�6;:L6;)&C4*=% < DA5&:4MXCL6�>_9�pX6;* <�w=9,DA5&<=KL6 *��A>_9Eph675�+B<=D,p4:=9E5;C=9�24:=<=:=*,+B9%��< 2=:=<4:=*,+BC=* D,92=*;DE576;)OR.6�24<4576On�9�p=:=9A576On�6�DE5;:4MXC=9�M�NE:L6;)&<h576;K=<=*&C4*&P 24*ORSM CL6�<=DE5;<�CL6kw=<=C�pX6;*�M DA@LM �wL6 > M�w=9EDE5;<=K=9;%�1 +BN,*;)&*&:">_9q576OpX*��X9�<=DA5&<�� �k6;DEC=*&)z6OC�CL6 @&2=*%� CL6O5;*&Pn@T� 5 >E%�2=*&DA5;Mk@ <=:=6;C=*&PP�p=:49E576On MoDE5;:4MXC=9 M8:L6;);C=*&P

Minkowski
>_9,)&*;P 2=:=*&DA5&*&:=);:=9,P 9EC4Mq<q2=:=<=C=K4<=24Mo9,p=);<=)z67@ 9EC=K=<7>_9%�pm*A>_< )&*,+B9 pm*&C=DA5&:4MXp=K4<7>_< *,+BNE*&)z6;:L6 > M;�=9 @%"h<��&:=<X+ C=90@ 5&9E*&:=<7>_9�P 9$"m6;C=<4pX9q>_9 +BC=9�DE5;:4MXC=9 MNE:L6;)&<4576OK=<=*&C=*;P 2=*ORSMB% ��6;pm*.*;)z6�5;9,*&:4<7>?6.2L675&<q*,+�<=DE5;<#"}C=9 +B*;DE576O576;pX6�pX6;* "4<��&:=<X+BC=6�5&9E* �:=< >?6&�k6�w=9,DA5&<=K4M � �&<X@B6 >_9 +B*&)&*OR�C4*�+B*��;:L6 � 6.2=:=<4P 9,C4MoMo<=DE5;:L6%'}<=)z6On M �XD,)&9 +B*]*,+B:=9 �h9EC=*&N5;:=9,C4Mm5;ph6|pX6 + D,9�MXph6+�k67@B6�*%� �&<hR�C4<7>?6q2=*;5;:=9 �&6 �k6�6OCL67@ <��,*&P p=:=9A576On�6qDE5;:4MXC=9�M"N,:L6;);<4576 �K=<4*&C=*&P 2=*ORSMB%

\J:=9,N?@ 9 +�6 >_P * � 6O5&*�MXp=:L675&pm* pX6;pm* D,9�2=:=6;)&9�24*&P 9,C4Mm5;9 @+"4<��&:=<X+BC490@�5&9E*&:=<7>_9�w=9,DA5&<=K=9< DE5&:hMhC49�< pm*A>_9"DEM n�< "z*&)&9"*&DEC=*&)&C=9"*&DE*��&<=C=9O% \J*O@B6%�,<=P * * + !JMhCm+�6;P 9,C=6O576�:=9 @B6O5&<4)&< �DA5&<=w=pm9�5&9E*&:=<7>_9�NE:L6;)&<h576;K=<7>_9%��<�Mh);* �X9An�6�C=9,p=< "�*&D,C4*&)&C=<#"�2=*A>_P *;)z6qC=9E*&2#"z*,+BC4<#" �k6o+B67R.6:L6+� P^6O5;:L6On�64%

��"! A$#&% '�( '�) �+*-,/.�( *-)�01(/'�, �32 �+45'�,
1 243!576]5&9E*&:=<7>?6�:=9 @B6O5;<=)&C=*&DA5&<"CL6;DA5767@B6 >_9 <���2=*O5&:=9��&9 +�6]D,9�N,:L6;);<4576;K=<=*;C=*82=*OR�9 *&24< �DAMk>_9 C=6QpX*;C�� <=DA5&9EC4576;CjCL6kw=<4C�M *&p=)&<4:4M :49A@B6O5;<=)&<=DA5&<=w4pX9 !�<�� <=pm9O% ��RSMXwL6;C 2=:4<=C=K=<=2:=9 @B6O5;<=)&<=DA5&<=w=pm9�5;9,*&:4<7>_9|N,:L6;);<4576;K=<7>_9 �,*&)&9�D,9 -32�)*���*)*-��R+���)��'&^���R���*)050����<�5;)&:;+B<�+�6 D,99�!�9Ep45&< C=9E<=C=9,:4K=<7>?67@ C4*&DE5;<Y:=9�!�9E:=9,Ch5&C=*&N|DE<=DE5;9,P^6�CL6�P^6O5&9E:=<7> M C4<=pX6;p=)&<=P�9,pmDE2=9,:=<4P 9,C �5;*&P�C=9qP *&NAM @ *&pX67@ C=*�:L6%�E@L<=pm*&)z6O5;< *,+ 9�!�9,pX6O576�N,:=6;)&<4576;K4<=*&C=*&Nq2=*OR.6�C=6�5;M P^6O5&9E:=<7> MB%

1 )&*"+ :4MXN,<=P�:=9,w4<=P^6)� CL6kw=< +�6�M *&pm*O@ <4C=< D,)z6OpX9�576kw=pm9�2=:4*&DE5;*&:=)&:=9EP 9,CL6�2=*&DA5&*A>_<�>_9 +�6;C
� 5�� )4%K���������6�4��� -!&8�F&�5�1 � )!�S:=9 !�9,:49,C45;C=< DE<=DE5;9,P M"pX*;P 9]D,)&< �k6;pm*&C=< !�<#� <=pm9^: <=P^6 > M�<4DE5&<*��7@ <=p�pX6;*�M D,2=9EK=<7>?67@LC=*A>�5&9,*;:=<7>_<�:49A@B6O5;<=)&C=*;DE5&<�% �JDA5&*&:=< >_D,p=<���*&)z6 > 24:=<=C=K=<42�>_9�CL6ODE576;*pX6;*�M;*&243!5;9En�9

Galilei
9E)&<#"�9,pmD,249,:=<=P 9ECL6O576"pX* >_<�DEM�2=*&pX6%� 67@ <�+�6�DE)z6}5&9 @B6qM�N,:L6;);<4576;K=<=* �

W76 b	_ fpZ�8C_	q^j:9%t(]	sJcRfg]Lm";�b^r�<>=@?BADC eJq^cJ\JsJcJe(]Z6hJb9cJb9]8t^Z6\Js^cRfpZ	rFEn]8qJZY[(\Jc<c^aYh?]G;GH�b	ZI;%]8\J;�] fpZ [(\(]8h�_9a6mcJ\JZ�qJsJcRfg]8t^\JZFc5K6q^]	b	cJmR]8s^cJ_	\JZ j ]	aYZFm8ZYt(]Pj ]Rt^c?d�[(c(j*Z6\�;�cRfg] eJq^Z [�a6m�]	b"Ln]nm";�b^rNMPOQ=SRDTleJq^cJ\JsJcJe#Z6hJb9cJb9]8t^Z6\VUsJcRfpZ9r



��
�� 
������$�:� � ���  �����  � ���������
	����5��� G

C=*&P 2=*ORSM�2L6 +�6 > M <=DE5;<=P M �&:#�k6On�9EP ��*,+BC4*&D,C=*�+�6!>_9�<=C=9E:=K=<7>?67@LCL6"P^6OD 6�D,)z6OpX*;N85;9A@B6#�
mi

�>_9 + CL6;pX6oNE:L6;)&<h576;K=<=*&C4*A> P^6;DE<"5;*&NJ5&9A@ 6��
mg

%
� ��*&)z6;p4)&*&N!24:=<=DE5OMX2L6"NE:L6;)&<h576;K=<7>_<�<��,:L6;DE576�NE9,*&P 9A5&:=<7>_DEpX6"<=Ch5&9,:42=:=9E576OK=<7>?6�NE:L6;)&<h576 �K=<=*;C=*&N]2=*7R.64% M�6;<=P 9%��NE:L6;)&<4576OK=<7>?6�D,9]*;2=<=DEM >_9�pX6;*�24*A>?6;)z6��k6;p=:4<=)OR�9,C4*&DE5;< 24:=*&DE5;*&:=)&:49 �P 9,C=64% \J:=*;DE5&*;:=)&:=9EP 9 DE9 2=*;D,P^6O5;:L6 pX6;*�>_9 + CL6 P C4*&N,*&DA5&:4MXpm*&DA5 M pm*A>_*A>�>_9�+ 9 !�<=C=<=D,6;C=*:L6;DA5&*A>?67n�9�<#� P 9��mMq+B);9 �7@ <=D,pm9�576kw=pm9S>_9 + CL6kw=<=C=*&P

ds2 = gµν(x)dxµdxν ,

pm*A>?6�2=:49 +BDA576;)OR.6�N,9EC=9,:=67@ <�� 6;K=<7> M�\J<4576ON,*&:=<4C=9�5&9E*&:=9,P 9O% 1 )7+B9qDAM
xµ pm*&*&:;+B<=C=6O5&9�2=:4)&9576kw=pm9��

xµ + dxµ pm*&*;:&+ <=CL6O5;9�+B:4MXNE9 576kw=pm9�� ds
>_9�:L6ODE5&* >?6On�9�<�� P 9 �XM n�< " � 6

gµν(x)
>_95��,)=% P 9E5;:=<=w=p4<�5&9,C#� *&:��Bpm*A>_<�24:=9,K=<#� <=:L6�pX6;pm*}D,9�:L6kw4MXCL6q:L6;DA5&*A>?67n�9�� < � 6;)&<=DE<�M|*&243.5&9,PDA@=Mhw=6 > M * +�576kw=pm9

x
% ��9E5;:=<=w=p4<�5&9,C#� *&:�C4*&D,< <=C�!�*&:=P^6;K4<7> M *�DE)&<=P :L6ODE5&* >?6On�<=P^6�P 9 �mM576kw=pX6;P^6 P C=*&NE*&DE5;:4MXpX*;DE5&< �J< 2=:=9 + DE576;)OR.6 *&DEC=*&)&ChMY)&9 @ <=w=<4C4M pm*A>_*&PFDE9 *&2=<=DAMk>_9 NE:L6;)&< �576;K=<4*&C=*�2=*OR�9O%�V�<=N,C=6O5;MX:L6�P 9E5;:=<=w=pm*&N 5&9EC�� *;:L6�>_9�<=DE576 pX6;* DE<=N,CL675;MX:L6

Minkowski
>_9E)&9P 9E5;:=<=pm9��

diag(+,−,−,−)
% v#6 "4)&67RSM > M;�=<Y*&)&*;P 9���M D,)z6OpX* >8576kw=p=< 2=:=*&DA5&*&:4)&:=9,P 9ECL6�2=* �DE5;*A>_< pm*&*&:;+B<=C=6O5&C=<�DE<=DE5;9,P M"pm*&P 9 >_9

gµν(x) = ηµν

��3.5&*.>_9.2=*;5&:49 �z6;C M;DA@ *&)�� 6q2=:=<4C=K=<=2
9,p4)&<=)z67@L9,C=K=< >_9;%( ��2=*&P *���P 9A5&:=<4pX9JP *;NEMoD,9 pX*;C=DE5;:4MX<=D 6O5;<"5%� )=% pm*&9�!�<=K=<7>_9EC45&<|pm*&C=9EpXDE<7>_9��42=:=9,pm*

Chri-

stoffel
*&)&9�!�*&:=P Mk@ 9�

Γ λ
µν =

1

2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) .

1 )7+B9o>_9
gλρ <=C4)&9,:��,C=< P 9E5;:=<=w=p=< 5&9EC�� *;:�� 6 ∂µ

2L6;:=K=< >?67@ C=< <��,)&*,+ 2=* pm*&*&:;+B<=C=6O5&<
xµ %

�J*&9 !�<=K4<7>_9,C45;<�pm*&C=9EpmD,<7>_9.C=<=DEM�5;9,C��,*&:=<���67@ <"<=P^6 > M�)&9,*&P^6�)z6+'qC4M}Mk@ *&NEM!>_9E:�*;2=<=DEM > M|2L6 �:L67@L9A@ C=*�2=*&P 9,:=6On�9q)&9Ep45&*;:L6�<���>_9 +BC=9o576kw=pm9qM�+B:4MXNEM 576kw=p4M � *,+BC=*&DEC=*"+�6 > M�+B9�!�<=C=<=K=< > Mpm*&C=K=9E2457682L6;:L67@L9A@ C=*;DE5&<"CL6]p=:4<=)&*A>�P C=*&NE*&DE5;:4MXpm*&DE5;<#%�\J*&:=9 +"5&*&N 6#�LpX*;9 !�<=K=<7>_9EC45&<"pm*&C=9Ep �D,< >_9�Mk@B6+� 9JM}+B9�!�<4C=<=K=<7> M"pm*&)z6O:=<7>?6;C45;C=*&N�<��,)&*,+�6�
∇µvν(x) = ∂µvν(x) + Γ ν

ρµvρ(x).

v#6 :L6%�A@ <=p4M *,+
∂µ

pm*A>_< CL6;:4Mm3�6O)z6�5;9,C��,*&:=DEp=< pX6;:L6;p45;9,: )&9A@ <4w=<=C=9�CL6 pm*A> M�+ 9A@LM >_9���pX* �)z6;:4<7>?6;C45;C=< <�� );* + 5;9,C��,*&:L6�*&DA576 >_9�5&9EC�� *&:�% � *">_9�2=*;DA@ 9 +B<=KL6�C=9A5&9EC�� *&:4D,pm*&N ph6O:L6;p45;9,:L6pm*&C=9EpXDE<7>_9
Γ λ

µν

� pX* >_<�D,9}pm*&P �&<=C4M >_9}D 6�C49E5&9EC�� *;:=D,p=<4P pX6;:L6Op45&9E:=*&P�2L6;:=K4<7>?67@ C=*;N}<��,)&*,+�6
∂µ

576;pm*�+B6opm*&)z6O:=<7>?6;C45;C=<"<�� )&*,+�5&9,C#� *&:L6o<=2L6;p �;M +B9J5;9,C��,*&:#% V�9EP 5;*&N 6����k6 "4)&67RSM > M;�=<�C=9 �5&9EC�� *;:=D,pm*&P �k6OpX*;C4M.5;:L6;C=D�!�*&:=P^6;K=< >_9�pm*&C=9EpXDE<7>_9��&M�DE)z6;pm*A> 576kw=p=<�24:=*&DE5;*&:=)&:49,P 9,C=6 2=*&DE5;*A>_<pm*&*&:;+B<=C=6O5&C=< DE<=DE5;9,P M|pm*&P 9���*&D,<=PQ3.5&*�>_9
gµν = ηµν

�B)z6%'}<�<
Γ λ

µν = 0
% � 6;pX6;)opX*;*&:;+B< �CL6O5;C=<�DE<=DE5;9,P �,*&)&9�D,9Q���J+,&^�*���)O���Y2 �O)�5	&^� �*) ��*,+BC=*;D,C=*B���������6�4���L-!&	�F&�5�1 � )"pm*&*&:;+B<=C=6O5&C=<D,<4DE5&9EP %

�J*&:=<=DA5&99�=< pm*&9�!�<4K=<7>_9,Ch5&98pm*&C=9,pmDE<7>_9�P *�'�9,P *�pm*&C4DE5&:hMh<4D 6O5;<
Riemann

*&)q5;9,C��,*&:�p=:=< �)&<=C49�
Rµ

νλρ = ∂λΓ
µ

νρ − ∂ρΓ
µ

νλ + Γ µ
σλΓ

σ
νρ − Γ µ

σρΓ
σ

νλ.
� 9EC�� *;:]p=:=<=);<=C=9�D,6 +B:�'}<]pm*&P 2h@ 9A5&C4M]<=C�!�*&:=P^6;K4<7> M�* �k6;p4:=<=)OR�9EC=*&DE5;<82=:=*&DA5&*&:=);:=9,P 9ECL6��z<<=C45;9,:=24:=9E5;<=:L6JD,9�pX6;* 5;9,C��,*&: >?6kw=<=C49�N,:=6;)&<4576;K4<=*&C=*&NW2=*OR.6�� pX6;* 3!5&* C=2=:#%

Fµν

24:=9 +BDA576;)OR.65&9EC�� *;: >?6 w4<=C=9�9 @ 9,ph5&:=*&P^6ON,C=9A5&C=*&NS2=*7R.64% \J:=9Epm*�n�9,N 6�DE9 >_*;3 MX)&*,+B9
Ricci

>_9,) 5;9,C��,*&:��
Rµν =



T ���������	��
�������������������������������� �����

Rλ
µλν

��< D,pX67@B6O:=CL6 p4:=<=)&<=C=6��
R = Rλµ

λµ

%
Riemann

*&)�5&9EC�� *;:Qp=:=<=);<=C=9]>_9���pX6;*�3!5;*�DE9)&<m+B<�� C=9A@L<=C=9 6O:=CL6 !JMXC=p=K4<7>?6oP 9A5&:=<4w=pm*&N!5&9EC�� *;:L6}<|n�9,NE*&)&<#"|24:=)&<#""<�+B:4MXN,< "�<#� )&*,+�682=*pm*&*&:;+B<4CL6O576;P^64%V�)&9^*&)&9^)&9 @ <=w=<=C49W<=P^6 > MJ:L6%�,C=*&:L6%�,C=9�*&D,*��;<=C=9��7P 9��mM;D,*��&C4*�DEM�);9��k6OC=9W:=6%� C=<4P�<X+B9EC45&<h5&9 �5;<=P^6��=<�2=:49 +BDA576;)OR.6 > M�24:=9 +BP 9A58<��,MXwL6O)z6On�6�+B<�!�9E:=9,C=K4<7>?67@ C=9�NE9,*&P 9A5&:=<7>_9O% �"<�D,9JC=9	�L9,P *2=:49,)&<43!9JMh2hMX3.576O5&<�MqDE)&9 5&*��=67@ < �L9EP *oC=6]*&)&*&P P 9EDE5;M|DE2=*&P 9EC4Mm5&<�+B)z6]:=9 �,Mk@L576O5764%�\J:=)&<>_9J5��,)=%
Bianchi

>_9E)}<X+ 9,C45;<45&9A5 
∇λR

ρσ
µν + ∇νR

ρσ
λµ + ∇µR

ρσ
νλ = 0,

<���pm*&N 6opX*;C45&:L6Op=K=<7>?6;P^6
ρ = µ

�
σ = λ

D @ 9 + < 

∇λ

(

Rλµ − 1

2
gλµR

)

= 0.
� $&%'$J�

!:4MXN,<�>_9�<X+B9,Ch5&<45;9E5�� 6opm*&C45;:L6;p=K4<7> M|pm*&9 !�<=K=< >_9,CL6O576}pX*;C=9,pmD,< >_9�
Γ µ

λµ = ∂λ ln
√−g,

� $&%0/��
N_+B9�>_9

g = det [gµν ]
+ 9E5&9E:=P <=CL6OC4576�P 9E5;:=<=w=pm*&N�5&9,C#� *&:L6h%

 6%�EMXP 9�D,9��^2=:4)&<�pX*;:L6;p�M�pm*&C4DE5&:hMhp4K=<7>_< 5;9,*&:4<7>_9|N,:L6;);<4576;K=<=*;C=*&N�2=*OR.6�24:=9 +BDA576;)OR.62=*;DE5;Mk@ <4:L6On�9K� � 50��/��'&�pm*A>_<=P D,9q*;2=<=DEM >_9�+B<=CL6;P <4ph6"N,:L6O)&<4576;K=<4*&C=*&N}2=*OR.6���<�<��}pm*&N 6�)z6 �:=< >?6;K=<=*&C4<=P 2=:=<4C=K=<=2=*;P DA@ 9 +B9q*,+BNE*&)z6;:L6 > M;�=9J>_9 +BCL6kw=<=C=9�+B<=CL6OP <=pm9;% !9 >_DA5&)&*�DA@ *��;* + C=*&N
Einstein

*&)&*;N.NE:L6;)&<4576OK=<=*&C=*;N.2=*7R.6]2=*&DE5OMk@ <=:L6oD,9�ph6O* 

SG = − 1

16πG

∫

d4x
√−gR,

� $&%HG3�
<|)z6;:4<=:L6On�9EP 24*�P 9E5&:4<=K=<"DA@ 9 +B9

Einstein
*;)&9W>_9 +BC=6 w4<=C=9�DA@ *��&*,+BC=*&NJNE:L6;)&<4576OK=<=*&C=*;NJ2=*OR.6�

Rµν −
1

2
gµνR = 0.

� $&%UT'�
1 )&* >_9 DE<=DE5;9,P�*,+�+B9,DE9E5�C49A@ <=C49 6;:=C4<#"�2=6;:=K=<7>?6 @ C=<#"8+B<�!�9,:49,C=K=< >?67@ C=<#"�>_9 + CL6kw=<=CL6�+ :4MXN,*&N:=9 +�682=*�+ 9,D,9A5qC49,2=*��,CL6O5;<#" !�MXC=p4K=<7>?6

gµν(x)
%

���� 7 ) 45'�,��&( � � *-( �3,&'�(��&, � 2 �	� # ��
��
 6%�,P *;5&:4<=P * D,6 +�6 DE576OCX+�6;:;+BC=< 2=:=<=DA5;MX2 p4:=9E576On M >_9 +BC=9 w49,DE5;<=K=9�M N,:=6;)&<4576;K4<=*&C=*&P

2=*7RSM�% \J:=9�DE)&9,N 6��S2=:4<=P 9E5;<=P *�+�6|>_9 + CL6�w=9EDE5&<4KL6.� DE576OCX+�6;:;+BC=*�2=*;D,P^6O5;:L6;C=*'�o2=*�D,);*A>_*A>2=:4<=:=*,+B< �*)050�Q-��?>� � 2L6}2=:4<=DE5OMh2=6;P *�pm*&C=DE5;:4MXp=K=<7>_< @%"h<��;:=<X+BC=99@q5&9E*&:=<7>_9.N,:L6O)&<4576;K=<4*&C=*&N2=*7R.68<|576kw=pX6;DE5;9!w=9EDE5;<=K=9;%(�D,2=9EK=<7>?67@LC=*A>S5;9,*&:=< >_<�:=9 @B6O5;<=)&C=*&DA5&<�24*&DE5OM @L<=:L6qDE9 + 9 >_DE5;)&*8576 w4ph6ODE5&9!w=9,DA5&<=K=9.pX6;* 

S = m

∫

ds = m

∫

dτ

√

ηµν

dzµ

dτ

dzν

dτ
,



��
�� 
�� ���5��������� ���������������� ��	 � � � ����� [

N_+B9.D,9!D,6
z
*��&9A@ 9 '86;)z6o2=*O@ *�'86 >Sw=9EDE5&<4K=9�� 6

m
>_9�n�9,CL6oP^6;D 64% ��6;:=<=:L67n�9,P +B9 >_DE5;)z68+B*��;< �>?6 > M�D,9 >_9 +BCL6kw=<4C=9}p4:=9E576On�6|w=9EDE5&<4K=9�� < n�<#"&*&)&*|*&243.5&9}:=9E3!9En�9 >_9�2=:L6;)z6q@ <4C=<7>?64%}V�6 +�6#�pm*&:=<=DA5&9	�L< -32�)*���O)*- �R+���)��'&^�������*)�50��p4MX2h@LM >_9,P *�w49,DE5;<=K4MqD 6!DE2=*OR.6O3.n�<=P�N,:=6;)&<4576;K4<=*&C=<=P2=*OR�9EP 24*&DE5OM @L<=:L6 > M'�L<"+ 9 >_DE5;)&* 

S = − 1

16πG

∫

d4x
√−gR + m

∫

dτ

√

gµν(z)
dzµ

dτ

dzν

dτ
.

� $&% [��
��6;:4<=:L6On�9EP�*&)&*;NW+B9 >_DA5&)z6�2=*

z
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τ = s
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d2zµ

ds
+ Γ µ

νρ

dzν

ds

dzρ

ds
= 0,+B*&p")z6;:4<=:L6On�9EP 2=*

gµν

+B*��&<7>?6;P *
Einstein

*&)&9�>_9 +BC=6 w4<=C=9
Rµν −

1

2
gµνR = 8πG Tµν,D 6�576kw=pX6;DE5;*&P w=9EDE5&<4K=*&PQpX6;*o<�� );*&:=*&P N,:L6O)&<4576;K=<4*&C=*&N�2=*OR.6�

T µν = m

∫

ds
dzµ

ds

dzν

ds

1√−g
δ(4)(x − z(s)).
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Einstein
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S =

m
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∫

dτ ηµν

dzµ

dτ

dzν

dτ
,
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S = − 1

16πG

∫

d4x
√−gR +

m

2

∫

dτ gµν(z)
dzµ

dτ

dzν

dτ
.
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τ = s
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τ → τ ′ = f(τ)
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T
�Bpm*A>?6*,+BNE*&)z6;:L6�2=*,+ M 'qC=* >]NAM&DA5&<=C=< 9,C49,:=NE<7>_9�DE5;:4MXC=9;% ��6;pm*�2=:=*O5&<=w=9�);:=9,P 9%� DE5&:hMhC=6�DE9�p=:=9	�L9p=:4*�� 2=:4*&DE5;*&:��h3.5&*�DE9�CL6�2=:=*&DA5&*&:=);:=9,P 9EC=D,pm*&P�+B<7>?6;NE:L6;P Mo)&<X+ <�pX6;*!2=*;)&:43����Xpm*A>?6!DE9 � *;)&9DE)&9E5;D,pX6�2=*&)&:h3 DA5&:4MXC=9O% \�*}6;CL6 @ *&N,< >_<�D,6}w=9EDE5&<4K=*&P �B2=*&DE5OMk@ <=:L6qDE9 � $���/���+�68D,9�DA@L*��&*,+BCL6DA5&:4MXCL6�p=:499�L9}2=*�9EpXDA5&:=9EP^67@ C=* >�24Mm576On�< M

Minkowski
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Nambu � Goto
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S = T

∫

M2

d2ξ
√−γ = T

∫

M2

d2ξ

√

− det

(

ηµν

∂zµ

∂ξa

∂zν

∂ξb

)

,
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xµ = zµ(ξa)
�=N_+ 9.DAM
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ηµν

DE9�C=6o2=*;)&:43]<"<=CX+LMhphMk>_9�P 9E5;:=<=pX6

γab = ηµν

∂zµ

∂ξa

∂zν

∂ξb
, γ = det [γab] ,
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S = − 1

16πG

∫

d4x
√−gR + T

∫

M2

d2ξ

√

− det

(

gµν(z)
∂zµ

∂ξa

∂zν

∂ξb

)

.

��6;:4<=:L6On�9EP 2=*|P 9A5&:=<=w4pX*;P 5&9EC�� *&:hM 24*&C=*&)&*}+ *��&<7>?6;P *
Einstein

*&)&9�>_9 +BCL6kw=<=C=9%� 24:=<�w=9,P MD 6k+�6oC=6!+ 9,D,C4*A>SDA5&:L6;C4< !�<=NEMX:=<h3]9.5;9,C��,*&:�9EC=9,:4N,<7>_9��X<=P 24Mk@ D,6qDE5;:4MXC=9�

T µν = T

∫

M2

d2ξ
√−γγab ∂zµ

∂ξa

∂zν

∂ξb

1√−g
δ(4)(x − z(ξ)).

� 1 )7+ 9.>_9�D 6 +�6
γab

P 9E5&:4<=w=p=< 5&9,C#� *&: DE5;:4MXC=9�<4CX+ MXpm*&)z6;C P 9E5;:=<=pm*&P
gµν(z)

% � ��6;:=<4:L6On�9+B9 >_DE5&)&6 2=*
z
>_9�P 9��mMm5&<=P P^67@L* � 6;C=<=P R�<=);<7>_9��J2L6�N 6 :=6 whMhC=6;P *�+B9A5767R�C=<7>_9O%u( )&*,+B9	�L<

*��,CL6;p4M
uµ

a

�����
=

∂zµ

∂ξa

�k68N,9,C49,:L67@L<=D 6;C49 �&:��,<=C=9J5A>E% 576;C4N,9,Ch5&C=9]);9,p45;*&:=9�� <=P^6OP * 

δS = T

∫

M2

d2ξ
1

2

√−γγab

[

(δgµν) uµ
au

ν
b + 2gµνu

µ
aδu

ν
b

]

= T

∫

∂M2

dλ nb

√−γγabgµνu
µ
aδz

ν+

+ T

∫

M2

d2ξ

[√−γγabuρ
au

σ
b Γ

µ
ρνgµσ − ∂

∂ξb

(√−γγabgµνu
µ
a

)

]

δzν .

v#6+"X5&9E)
δS = 0

�k6O5;<=P�+�6 >_9�>_9 +BCL6kw=<=ChM|p=:=9E5767n�6�
∂

∂ξa

(√−γγabuλ
b

)

+
√−γγabuµ

au
ν
bΓ

λ
µν = 0.

� $&%0y��
<"N,:L6;C4<=w=C=<"M&DA@L*&) 

√−γγabuλ
anb

∣

∣

∣

∣

∂M2

= 0.
� $&%Hl3�

1 )7+B9.>_9
nb

);9,p45;*&: C4*&:=P^67@ 9�C=6�NE:L6;C=<4K4M 2=*,+BP C=*;N,*&DA5&:4MXpm*&DE5;<��
∂M2

%�sWM + M'�L<�+�6}>_9�576N,:=6;C=<=KL6J>_9 +BC=*,+B<4P 9,C��,<=*&CL67@LCL6�P C=*&NE*&DE5;:4MXpX*;DE5���P *�'q9EP *8+�6�>_9!*;2=<43]9EP *q2L6O:L6;P 9E576O:=D,p=<4P>_9 + CL6kw=<=CL6;P^6�*��7@ <=pX6
ξa = ξa(λ)

N_+B9�>_9
λ
2=6;:L6;P 9A576;:�pm*A>_<|2=:=9��&:=*A>?6O)z6!576kw=pm9.CL6]NE:L6;C=<4K=<#%

� 6k+�6 >_9J)&9,p45;*&:�C4*&:=P^67@ 9
nb

+B9�!�<=C=<=D,6;C�pX6;* 

nb = εbc

∂ξc

∂λ
.
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n
+B<4P 9,C��,<7>?6})&<m+B9E5;<|+B*,+�6O576Op�s�%\J:=*&pm*&P 9,Ch576;:=<43!<=P *qD,6 +�6]*&)&9�:=9��EM @=576O5&9O%�\J:=)&*��h2=*A>?6;)&6]N,:L6;C4<=w=C=<#"�M&DA@L*&)z6 >_9JpX6;:L6;p �5&9E:=<=DA5&<=pX68DE5&:hMhC49��45 >E% w=<4n�9,C4<=K=9 +�6�n�9,C4M85;:L6 >_9,ph5&*&:=< > M�*&2=<4DEM >_9,P *�+ )&*,+B<=P 9,C#� <=*&C=67@ C=*&PP C=*&NE*&DE5;:4MXpm*;3L�=M M2
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% 1J)&6;p=)z68D,<45OMz6;K4<7>?6�*&P *&NAM;�L6;)z6�Mh);* �X9An�9!*,+BN,*;)z6;:L6 > M'�L< "�pm*&9�!�<4K=<7>_9,C=6O576�pm*&C=9,pmDE<7>_9]<*&DA5767@ <#".2=* >_P *&)z6�+B<�!�9,:=9EC=K=<7>?6 @ C=9�NE9,*&P 9A5&:=< >_9��&<.P *&NEM'�L9#>_9 + 9 !�<=C=<=D,6O5&<.5&*;5767@LC=<]pm*&)z6;:4< �>?6;Ch5&C=<�<��,)&*,+ � Mo2=:=6;)&K4M�@ <=C4<7>_9
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∇bv

aµ = ∂bv
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νρu
ρ
bv

aν,
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M�6;pm*&C|*&)&<#"qpm*&P 9,C4576O:L6�� � NE* + C=*�>_9 *&D,);:=C4Mm5&<�D,9J<�CL6;24:L6;)&<45;<�24*&:=9��X9An�9JD 6�w=9,DA5&<=K4*&P %V�)&9 P^6On�pX6;);*&DE5;<�@%"h<��&:=<X+ C=90@J5&9E*&:=<7>_9 w49,DE5;<=K=9 <�N,:L6O)&<4576;K=<4*&C=*&NS2=*OR.6 pX* >_9�D,P *Jpm*&P 9EC4576 �:=<=D,67@ <"M�2=:=9A5%"z*,+BC4*&P 2=*&N?@B6O)ORSM�2=*A>?6O)ORSM > MqDE9.<"*&)7+B9O% ��*;*&:;+B<=CL6O576�>_9�<"M�*&)&*&P DA@LMXwL6 > M<=DA5&*&)&:49,P 9,C4*q<|2L6;:L6OP 9E576;:�<")&6;:=<7>?6��7@B6��4p4:=9E576On�9�DE5;:4MXC=9�2=*8P <=C=<=P^67@LC=*A>S24*&)&:43!<�>_9J2=* �DE5OMk@ <=:L6;C4*�� +B*&p�NE:L6;)&<h576;K=<=*&C4* 2=*OR�9qpm*A>_9}D,9}N,9,C49,:=<43!9|*&pm*�DE5;:4MXC=9��^P^6 +B6�5&*�C4<7>_9}576;pm**&w=<4N?@ 9 +BC4*qpX6;*�M�D @LMXwL6 > M�K=:4C=9�:4MX2=9�� <|*&)7+B9J24*&D,9 + M >_9.DE<=C=NEMk@B6O:=<45&9A5&9.pX* >_< @&p4)z6;:=99@opm*&C �� <4DE5&9EC45&C4*&DE5�5;9,*&:=< >_9;%
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∂ξa
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∂ξb
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L = − 1

16πG
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δ
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5;9,C��,*&:]9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6�24*OR.6�P^6O5&9E:=<7>_9O%
Einstein

*&)&9#>_9 +BCL6kw=<4C=9W24*&pX6%�,M > M�pX6;pm* P^675&9,:4<7>?6
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µν = 0.
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Ricci
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Rµν
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T µν = T νµ.
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1 )&*�>_9J576;pm*��h9�M&D @ *&)opX* >_<�P^6O5;9,:=< >?6oP *&:=6o<=DE24Mmn�6;)z6O5;<#%


;9 +BC=6"<=Ch5&9,:49,D 6OC45&CL6�*;D,*��&<4CL6"24:=<=DE5OMX2L6�w=<=DA5&9o5&9,*;:=<7>_9q24*OR.6.>_9]+B6"DE9}C=98*&D @B6On�6|CL62=:4<=C=K=<=2 9,p=);<=)z67@ 9EC=K=<7>_9O%rv#6;<4DE576�� 24*&DE5OM @L<=:L6On�9EP � $&%'$&$J�qC=<4N_+B9 DE9�C=<=D,P * 2=*��,)z67@ < CL62=:4<=C=K=<=2�9,p=)&<4)z67@ 9EC=K=<7>_9%� < 3.576;)&<43!9q*&C P *�'}9��&<45&< 9,pmD,2X@ <=K=<45;C=*�CL6;:4Mm3!9,C�M�5;9,*&:4<7>_<#%
 6%�,MXP 9SD,9%�&M]DE576OCX+�6;:;+BC=<4P�D,<h5;Mz6OK=<7>?6;P^6�P <�k6;24:L6;)&* '}9A@ <4P * +�6�MXN,:L6 + <=P *�*&)z6 > 2=:4<=C=K=<=2M�5;9,*&:=< > M ��<�5;*qD,9�CL6 > @ 6;p43]9�<��,)&*,+B< �k6k+�6;)z6On�9EP @B6ON,:L6;C#'q<7>?6OCL6oP^675&9,:4<7>_9.M|DE2=9,K=< >?67@ C=*A>
5;9,*&:=< >_<�:=9 @B6O5&<4)&C=*&DA5&<���6�� 6O5&<4P n�9,NE*&)&<=P M&*&2h3!576;)z67n�9,PY5%� )=% "n)*�*)O"P&^� ���J" ��&("������J"�

ηµν → gµν(x), ∂µ → ∇µ, LM(φ, ∂φ, η) → √−gLM(φ,∇φ, g).

1 )z6;p4)&*.M;*&243!576O)z6On�9�@B6;NE:L6;C�'}<7>?6;C=6.P^6O5;9,:=<7>_9JN 6O:L6;C45OMk>_9 +B6.D,9 M8@L*&pX67@ C=*�<=C49,:=K=< >?67@ C=*&Ppm*&*&:;+B<4CL6O5&C4*&P DE<=DE5;9,P M � pm*A>_<�2=*;DE5&* >_< <�M"pX*;P 9 >_9
gµν(x) = ηµν
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Γ λ

µν = 0
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Einstein
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gµν(x)
�
Kalb � Ramond

*;)&*�6OC45&<=DE<=P 9E5;:=<=w=C4* 2=*7R�9
Bµν(x)

<�+ <h@B6O5;*&C=D,pm*�2=*OR�9
Φ(x)

% ]6 �;<QD,9 �&*OR�9"<=D,24<45767@ 9 *&DE*��&<=C49�5&9E*&:=<7>_9�<Q<=P^6;*
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C=<=DEpm*&9,C=9E:=N,9A5&DEpX*;P D,9Ep45&*&:hM�D,);* + 9!MX2=:L6;)&*qCL6q*&)z685&:=< 24*OR.64% v �&*&N.D,)&*A>_9.2=*O@ <4C=*&P <7>?67@LC=9DE5;:4MXp45;MX:=9�pm*A>?6|*&P *&NAM'� 6;)z6�@B6;p43.M�p=)z6;Ch5&<�� 6;K=<7> M � :=6%� P^6O5;:L6�DE9}P 9$"m6;C4<=pX6

Polyakov
R�9,)&9DE5;:4MXC=9�� <A� M}C=9 +B*&DE57675&p4M*�&*OR�9EN P 9E5;*,+�63��2=*&DA5;Mk@ <=:=6oDE9Q@%"h<��&:=<X+ C=*�@!+B9 >_DA5&)&*opm*A>_9 *&24<=DEM >_9n�9,C4*op4:=9E576On�9�M�2=*7R�<=P^6
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�
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√
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2
habgµν(x) +
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√
−h
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)

∂zµ

∂ξa

∂zν

∂ξb
+ Φ(x)R(2)

]

.
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1 )7+B9�>_9
εab + )&*,+B<=P 9,C#� <=*&C=67@ C=<�6;Ch5&<=DE<=P 9E5;:=<=w=C=< Levi � Civita

D,<4P �&*O@ �B6
R(2) >_9�D,pX67@B6O:=CL6p=:=<4)&<=CL6 CL6 M2

<�� :L6kw4MXCL67576 2=*&P *��=M�P 9A5&:=<4pX9
hab
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:=9	�L<|+ *&C=9,pX@ 9
ad-hoc

� �L<|5&*}ph6O*}w=<4DE576o5;9,*&:4<7>_D,pX6qNE9,C=9E:L67@ <�� 6;K=<7>?6#� �&9 ��<=pX6;p=)&9�DEMXN,9EDE5;<7>_9pm*A>?6*�&< +B*O@ 6%� <h@ 6�<��q9,pmD,2=9E:=<=P 9EC45767@ C=< " 2=*,+�6O576;pX64%�\J:=<45&*;P � 2=*OR�9
gµν

<4P^6�<=C45;9,:=24:=9 �576;K4<7> M�P 9A5&:=<=pm9�DE2=*OR.6O3.n�9,N!24:=*&DE5;*&:=)&:49,P 9,C=6��B+B*&p�2=*OR.6
Bµν

<
Φ
C=9,P^6 > M"NE9,*&P 9A5&:=<7>_DEp4M<=Ch5&9,:42=:=9E576OK=<7> MB% U CL67@ <�� 6 *&);*&N�+ 9 >_DE5;)z6�<�>_9 +BC=6 w4<=CL6�p=:49E576On�6�pm*A>_9"*&C=* :=9E2=:=*,+ MXp4M >_9��P 9 �XMm5;<=P �=DEMXNE9,:=<43!9 +�6J*&)z6�2=*OR.6JP *�'�+�6J<=2L6;p}<=P^6 > M�C=9Epm9 )&9 � 9 D 6�N,9E*&P 9E5;:=<7>_*&P 2=:4*&DE5;*&: �)&:49,P 9,C=6��h<o5&*

Kalb � Ramond
*;)&*�2=*OR�9

Bµν

D,6�5&*;:�� <7>_*;P �46�+B<h@B675&*&C
Φ
D 6�C=9,P 9A5&:=<=w4C=*;3L�4M�%

1 )z6;p=)z6"D,<45OMz6;K4<7>?6 DAMXN,9,:4<43]9�+�6 �&< �;<h@ *)�k6OC=<=P R�<=)&*�:L6%� P *O5&:=<45;< pX6;pm*�D,9 �k6;2=:=6;)&*9EpXDA5&9ECX+B<=:L6OC=<�*��A>_9,pX6O5B� 2=*&2hMX5]DE5&:hMhC49?�Wp=:499�L9�Mo2=:4*&DE5;*&:=)&:=9EP 9,C4Mq*&243.5&9 NE9,*&P 9A5&:=<7>_9%�=pm*A>_9D,6 +B:('q< pX6;pm*�p4:=<=)&<=ChM �#576OpX*�<�5&*&:��,<7> MV� 2L6qwL6Op�< C=9,P 9A5&:=<4w=C=*&DA5'�A%.1 +BNE*&)&*&:�C=6q*&)&*�24< �576On�9�D,9�P *%'q9q+B*��;<45&<QM *&p=);<=:=<=P^6�5&9,*;:=<7>_9�2=*7R.64% 1 D,C=*&);CL6�<X+B9 >?6 D,6;DE5;*A>_< D,9"M 5;*&P 9+�6 D,9�w=9,DA5&<=KL6 � <h@ <QDA5&:4MXCL6��}C=9"2=*&D,P^675&:L6�pX6;* !JMhCm+�6;P 9,Ch5767@B6;C��S9 @ 9,P 9EC4576;:L6;C *�� >_9,pX6O5
M 5;9,*&:=< >_<��J)&99� +�6�DEM !JMXCX+�6;P 9EC45767@ C=6.�	&("�� -��?>K& �S+B*&p D,9 w=9EDE5&<4KL6Y<��O<X@ < 9EpmDE5&9ECX+B< �:L6OC=< *��A>_9,p45;< @;2=:L6;)&99@�* + 5;<#" 2=*OR.6��^< 5&* pX6;* 5��,)=% +*)*�*+A2F� � �RGH& �W5A>E% pX6;*�DA576��&<h@ C49��@ *;ph6 @ <�� *;)z6;C=9�DA5&:4MXp45OMh:49�*,+B:=9 �h9EC=*&NB@&*��O@ <=pX6�@ < *&DE*��&<=C=64% � 6 +B6�D,9�P *&NAM�<4D,pm*&:=<=DA5&<45;<
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Minkowski
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(�D,)z6OpX*;PYDA@=Mhw=6 > M �B<4DE5&:=6%'q<4)z6On�9JM�*&)&*;PYD,P 9E:4M �&<q+�67@L* � 6;C=<=P R�<=);9�:49��,Mk@L57675&9;% M�*��
�;M + M'�L<8+�6 >_9S*&)z6Oph6O).2=:4<=DE5OMh2|C=9A5&:=<4)&<7>?67@B6OC�pX6;pm*.5&9$"hC=<=w=p=<�576OpX*!<qpm*&C=K=9E245;M&67@ C=*��=*&N,:=6 �C=<4wL6;)z6;P *�D,9qC=6�N,9E*&P 9E5;:=<7> M �&9��}5&*&:��,<7>_9�<�C49,P 9E5;:=<=w=C4*&DE5;<���3.5&* DE9qD,);* + <�CL6�:=9E2=:=*,+ M �pm*&)z67n�9"24*�� CL675&<#"�>_9 +BC=6 w4<=CL6 p4:=9E576On�6 �k6 w=9,DA5&<=K4M M�p=:=<4)&*&P-24:=*&DE5;*&:4M < M;*&243.576;)z6On�92=*;DE5;MX2=pX6�n�< "z*&)&*;N]+ *��&<7>?6On�6�CL6�9EpXDA5&9ECX+B<=:L6OC=9�*��A>_9Ep45&9%� 2=:49oDE)&9,N 6"CL6|DE5&:hMhChM�%�1 + N,*&)z6 �:L6 > M;�L6�6;CL6 @ <��k6"M�p=:=<=)&*;P 2=:=*&DA5&*&:hM�D,6"5&*;:�� <7>_*;P � 6"ph6OD,C=<7>_9}<�C=9EP 9E5;:=<=w=C=*O3L�=MO�!2=:=9 + �DA576;)OR.68CL6;:=9 +BC=9�pX*;:L6;pm9�� pm*A>_9 M�*&);*&P :=6 + M�C=9	�L9,P *}:L6%�,P^6O5&:L675&<#%

�J:=9,C=<4P *�+�6Oph@ 9o:=9 +B*;P � *,+�CL6 > >_9 + C=*&DE576O)&C=<7>_9ENqDA@=Mhw=6 >?6"w49,DE5;<=K=9%� pm*A>_<�>_9o6;C=67@ <��,<=:L6;C
W	��b9]	h�]	h�_BH79nm8_Yf,a6cJm"90]8sJcRfpc aYZ�m8Z,fpZ [(\(] u cJ\JZ�eJ_"Ln] ;�]8e^q^]8b9_ieJ_9a6m"9%t^cJq^]Yf 9�H8e^]oaYZ�\^]ieJq^b	cPe^_GK t^ZY[�\JZ�b	c�[�c\JZ6h^cNa6j*c(a t^Z�\JcNe^_9j ]8h�9��	qJ_6f 9oe^_9aYmG9�t�]8mR]Jr�
QZ�� 9�m8c^j HRh?]	h0_ 	JZ�j*_�9n\^]9aYmR]8b9h�9 m	Z6h?aYmR] eJ_	h?]";%]8m8c H%Z78CZ6hJm	cJb	\JZfpZ [(\(] u cJ\JZohJqJZ�m�]�o]PhJcJ\Jh�_9b9]���� =@?�� T���� A���A�������� �!� "7=�# T M$�4_%[ h�_	\JhJq^Z6m8\J_ KF_ �8t^cJh?]�fpZY[(\^] u c^\^]n[�cJ\^]	j*c^h0ZeJ_"Ln]�H^b	Z�	 a t(Z [(ZCc�;nh�_	b0]8qJc8fg]8\Jm8\^_GK�;�]8h�_9\^]P_%[�q?k`]��C]Nm	Z6\�;�_	q^]�Z6\^Z6q�K�cRfpZ$%�c^j*e�9%t(a6]lj ]	m8Z6q^cRfpZ	r
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>_*;3xM );:=9,P 9 � 6;D,C4<=)z6On�6"*&243!5;9�5&9E*&:=<7>_9�:49A@B6O5;<=)&C=*;DE5&<�<�M +B*��;:=*A>�P 9E:=< :=9E3!9,C p=:=6 >_9,P2=:=);9�24*O@ *&)&<4C=9�2=:=*;3�@ *&N�)&9,pX64%

! "! 7 ) 4 '�,��&(

!9,P *&C=DA5&:=<4:L6 >_P *
Papapetrou

*;) P 9E5;* + � $kG��h<�� );* �X9An�6 9 !�9,p45;<=)&C=< "�>_9 +BC=6 w4<=CL6Jp=:=9A576On�6576kw=pX6;DE5;*&N�p=<=C=pX6!M}D,2=*7R.6O3!n�9EP N,:L6;);<4576;K=<=*;C=*&P 2=*ORSMB% \J:=<45;*&P �=P 9E5;*,+ �=9,P *]2=:49,2=<=D,6O5&<pm*&:=<=DA5&9	�L< !�*&:=P^6 @ <��k6OP :L6+� )&*A>?6�24*"<#� )&*,+B<=P^6
Dirac

*&);9
δ
!JMXC=p=K=<7>_9 � )&<X+B<�+B*,+�6O576OpAU � �< 2=:=<4ph6+�k6(�L9EP *�N 6�ph6O*�67@ N,*;:=<4576;P �k6�:L6kw4MXCL67n�9.>_9 +BCL6kw=<4CL6 p=:=9E5767n�6�pm*A>_< DE9�P *�'}9}M;* �243.5&<45;<�CL689,pmDE5;9,CX+B<4:L6;C=<=9!*��A>_9,ph5&9;%

� !�9Ep45&<4)&C=9 >_9 +BCL6kw=<4C=9Sp=:=9E5767n�6�DE9 <�� )&*,+B9�M�+B)z6Jpm*&:L6;pX64% ��6O*J2=:=)&<8pm*&:L6;p �zC=9,*&2 "z*,+BC=*>_9�6OCL67@ <��,<=:L6O5;<�5&9,C#� *&:89,C49,:=NE<7>_9$�X<4P 24Mk@ D 6�P^6O5&9E:=<7>_9
T µν pm*A>_<�D,9 +B*��&< >?6�<���@B6ON,:L6;C#'q<7>?6OCL6� $;% $&$?��2=*&P *��=M"+B9 !�<=C=<4K=<=*&C=9 >_9 + CL6kw=<=C=9 � $&%'$kG3�$� <�D,2=9EK=<7>?67@ C4*�:L6%�,P *;5&:4<45&<�pX6;pX6;)|*��7@ <=p*&CoP *�'}9 <=P^6O5&< �k6�+B*��&:4*J@L*&pX67@ <��,*&)z6;C=*�p=<=C4p � :=9A3]9An�9�pm*A>_<=P *&2=<=DAMk>_9EP *!w=9EDE5;<=K4MB%N
&6;D,C=*��*&)7+ 9J>_9o*&D,C4*&)&CL6"2=:=9E5;2=*&DA576;)&pX6"+�6�>_9 +BCL6kw=<=C49�p=:=9A576On�6�2=*7R.6"P^6O5;9,:=< >_9�pm*A>_9}DE98+B*��&<7>?6 > M<��o@B6;N,:=6;C�'}<7>?6;CL6"P^6O5&9E:=<7>_9 � 6;<=DA576 )*"P&�5�1 @ *&pX67@ <#� *&)z6OC=*�p=<4C=p � :49E3]9An�9;% ��6 +�6�DEP *o>_9 + �C=*&P +B*��&<h@L<�*&243.5&<�*��7@ <=p�5;9,C��,*&:L6�9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6#��<#��*&DE*��&<=CL6 � $&%'$ [�� < � $&%'$ T'� pm*A>_9

DA@L9 +B9 <��
Einstein

*&)&< " >_9 +BCL6kw=<4CL6B� $;% $ /�� <#� )&*,+B<=P *.9 !�9,ph5&<=)&C49�>_9 +BC=6 w4<=C=9�p4:=9E576On�6.p=<=C=pX6��M|6;24:=*&pmD,<=P^6OK=<7>_<�pX6 +B68DAM�n�9,NE*&)&9 +B<=P 9EC�� < >_9&�k6OC=9,P^6;:XR�<=)&9;%

���������	��
���������

 6%�,P *;5&:4<=P * C=9Ep4M�D,)&9A5&DEp4MJ@ <=C=<7> M�);:=9,P 9EC=D,pm*&N^5&<=2=6 +B9�!�<4C=<=D 6OC4M�2L6;:L6;P 9A576;:=DEp=<=P}>_9 + �CL6kw=<=C=6;P^6
x = z(ξ)

��N_+B9 >_9
ξ
2=:4*&<�� );*OR.6;C�2=6;:L6;P 9A576;: pm*A>_<�2=:49 �&:=* >?6;)z6o576kw=pm9]C=68@ <=C4<7>_<#%\J:=9E5;2=*&DA576;)&<O�L9EP *.+�6.24:=*&DE5;*&:=)&:49,P 9 <=P^6J5&*;2=*O@ *&NE<7> M

Σ×R
�=N_+B9

R
* + :L6%'86;)&6�)&:49,P 9��&+B*&p>_9

Σ
2=:4*&<�� );*OR�CL6 5;:=*,+B<=P 9,C#� <=*&C=67@ CL6JP C=*&NE*&DE5;:4MXpm*&DE5.pm*A>_*&P D,9W*&2=<=DAM > M]2=:=*;DE5&*;:=C=9�"h<=2=9E: �2=*&);:43]<#%��-2=:4*&DE5;*&:=)&:=9EP 9!<�@ <=C=< >?6oDAM|2=*}24:=9E5;2=*&DE576O)&K=< ���D�o���J�R��� 2�)��	&^�*) < +*�J"n-,����/0�*)#%1 )&*�2=:L6Op45&<=w4C=**�,CL6kw=<�+�6�CL6;D�<=Ch5&9,:49,DEM > M D 6OP * �&9,DEpX*;CL6kw=C=9�@ <=C=<7>_9%� w=<=P 98<=DEphRSMXw4M >_9,P *P *&NAM;�=C=*&DE5}C=9�!�<#� <=w=p4<#"�:=9E3!9En�6�� pX6;*�3!5;*qDEM�<=C=DE576OC45&*&C4<#%
(^*&243.5&9�M � 9E)��.24:=*&DE5;*&:=)&:49,P 9,C4D,pm9�pX*;*&:;+B<=CL6O5;9

xµ < 2L6;:L6;P 9A576;:
ξ
DAM 2=:=*&<��,)&*OR�C=<�%

�J2L6;p�� +B9 @ <=P <=w4C=* �=9,P * !�<4pXDE<=:L6O5;<Y*&)OM�D @ *��&*,+ M pX6;pm* �&<=DEP *�2=*A>_9 + C=*&DE576O)&<h@ < <��E@B6ON 6 �n�9;% M�6O<=P 9��B<��k6%�&:L6(�L9EP *qpm*&*&:;+B<4CL6O5&9
xµ 576OpX*8+�6}DAM "h<=249,:=2=*;)&:43]< D,6J>_9 +BCL6;pm*&PQ);:=9,P 9EC �D,pm*&P pm*&*;:&+ <=CL6O5;*&P 2=:=*&DA5&*&:4C=*&Nq5;<=2L64%*��6;*�24*&DA@ 9 +B<=KL6�*&)&*&N 6�� CL6O3]6|@ <=C4<7>?6�D,9Ew=9qDE)z6;p4M

"h<=2=9E:=2=*&)&:h3
x0 = const

576kw=C4*�>_9 + C=*&P � *,+BC=*&DEC=* !JMXC=p=K=< >?6
z0(ξ)

2=*&DA576 >_9!<=C4)&9,:45;<��&<h@LCL64%v#6O5;<=P �=M�D,)&6;pm*A>�576kw=p4<�CL6!@ <=C=< >_<�n�9,C�576;C4N,9,Ch5&C=< )&9Ep45&*;:�>_9�)&:=9EP 9,C=DEpm*&N�5;<=2L6�

gµνu
µuν = γ > 0,

N_+B9�>_9
uµ

�����
=

dzµ

dξ
.

� /h% /��
1 )7+B9�>_9

γ(ξ)
<=CX+ MXpm*&)z6OCL6oP 9A5&:=<4ph6oCL6]@ <=C=<7>_<�%�� � 6��&:L6(�=9,P *�>_*;3 )&:=9EP 9,C=DEp4M|pm*&*&:;+B<=CL675;M

x0 ≡ t
+�6�2L6O:L6;P 9E5;:=<��EMk>_9�@ <=C=<7> MB% � � �&*&:

ξ = t
� *,+BC=*;D,C=* 9Ep=)&<=)&67@ 9,Ch5&C=*

z0(ξ) ≡ ξ
� CL6OP 99�L9*&NE:L6;C=<=w49En�9

u0 = 1
C=6�576OC=N,9EC45&C=< );9,p45;*&:#%



$ T � ��� ��� � 
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v#6O5&<4P !�<=D,p4<=:L6;P * 2=:=*&<��,)&*OR.6;CJ5;:=9,C4Mm576;p
t
<.:L6+� )&<7>?6OP * √−gT µν(x)

M�:=9 +82=*
δ
!JMXC=p �K=< >?6;P^6"*;pX*|576kw=pm9

z(t)
� 5&:=9A5&<=:L6 > M;�=< 24:=<45&*;P )&:=9EP 9,C=DEp4M pX*;*&:;+B<=CL6O5OM

t
pX6;*"2L6;:L6;P 9A576;:#%

]6;ph@L9��L2=:=<4P 9En M > M'�L< !�*&:=P Mk@LM �gU!%HG3���k6�D @LMXwL6 >
d = 3

�L<=P^6;P * 
√−gT µν(t,x) =

√
γbµν(t)δ(3)(x − z(t))

+
√

γbµνα(t)∂αδ(3)(x − z(t))

+
√

γbµναβ(t)∂α∂βδ(3)(x − z(t))
+ . . .

� /h%HG3�

�J*&:=9EC�<��q<=CX+ MXpm*&)z6;C49�P 9E5;:=<=pm9.>_98+B*,+�675 CL6�+ 9,D,C4*A>!DE5&:=6;C=< � �;*&NqpX6;DEC=<7>_<#"�2=*&NE* + C=*&DE5;<#%
�J*&9�!�<4K=<7>_9,Ch5&<�M�:=6%� )&* > M�DEMq+B6O5&<*!�*&:=P Mk@ *&P �gU.%HT'� 

bµν =
1√
γ

∫

Σ

d3x
√−gT µν,

bµνα = − 1√
γ

∫

Σ

d3x (xα − zα)
√−gT µν,

bµναβ =
1

2

1√
γ

∫

Σ

d3x (xα − zα)(xβ − zβ)
√−gT µν ,

<45,+ % ]6*�&<4D,P *|M&D,24*&DE576;);<h@ < )&9 �,M�D 6
Papapetrou

*&)&<=P :L6 +B*&P � � $kG�� � 24:=<=P 9E5;<=P *�*&) +B9!+�6DAMq*&);<�pX*;9 !�<=K=<7>_9EC45&<A� +B*�CL6 !�6;p45;*&: √
γ
��>_9 +BC=6;p=<�P *&P 9EC45&<=P^6

Mµν � Mαµν �h<45,+	�=pm*A>_<�DAM576;P *]+B9�!�<4C=<=D 6OC=<#%
V�6 +�6�MX)&*,+B<=P *q*;D,C=*&);C4M|2=:=9A5&2=*&DA576;)&p4M�*}P^675&9,:4<7>_< � +�6�>_9�@ *;ph6 @ <�� *;)z6;CL6oCL6�@L<=C=<7>_<

z(t)
�^5A>E% +�6S/(�����J�	2 �R�=�Y2 �9)�50�

�

)O"n-;1(���	&S�R+*�R-��?���R���O)�5	&^� ���A�J-!&	�i& +O&^+ � �9�10�i&^>K&��'&("�� �6�
� )O�*)�50�k% M�6O:L6;)&C=*���*&) +B9!DE9]pm*&:=<=DA5&<�2=:=9A5&2=*&DA576;)&pX6q+�6�>_9 + CL6kw=<=C=9.+B<4CL6;P <=pm9 � 6q2=*OR.6oP^6 �5;9,:=<7>_9�<=P^6 > Mq:=9E3!9En�9J576;p=);*&N 5&<=2=64%�� 9,*&:4<7>_9 D 6�*&)&6;p=)&<=P�*&DE*��&<=C=6;P^6�2=*&DE5;*A>_9 � P *&C4*&2=*O@ < �DE*O@ <45;*&C=<�� p=<=C4pX*;)&<#%,%E%R�$��6 @ <�P <|C=9 '�9 @ <=P *!+�6�D,9��z6O)&<=P *8C=<7>_9 +BC=*&P pX*;C=p=:=9A5&C=*&P 5&9,*;:=< �>_*&P �L);99�":L6%�,P^6O5&:L6OP *q*&243.5&<�DA@LMXwL6 >E%

��6;* 2=*&D @ 9 +B<4KL6 *;)&9 2=:=9A5&2=*&DA576;)&pm9��JDE)z6;p=< D @ 9 +B9	�L<
b � pX*;9 !�<=K=<7>_9EC45 >_9 D,)&9 P^6On�< *,+2=:49E5%"&*,+BC=*&N%� <QMYC=6 >_N,:4M �OR�*A>q6;24:=*&pmD,<=P^6OK=<7>_< � 5%� )=%

”single pole”
6;2=:4*&pmD,<=P^6;K4<7>?63�}DE)&<

b � *;)&<�DE9,P 2=:=)&*&N�DE9�� 6;C=9EP^6;:4M > M �B2=6!+ *��&<7>?6;P *�
√−gT µν(t,x) =

√
γbµν(t)δ(3)(x − z(t)).

� /h%UT'�
1 )z6 > *��O@ <4p.5&9EC�� *;:L6�9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6 DE9WP *�'}9^pm*&)z6;:=< >?6;C45&<#� *&)z675&<�2=*&P *(�=M�<X+B9EC45&<45;9E576�

1 =

∫

R

dz0 δ(x0 − z0) =

∫

R

dξ δ(t − z0(ξ)).

��C4*�'q9	�L<"*&)&<=P�>_9 +BC=6 w4<=C4M � /h%UT'�$�=DE5;<�'q9EP *�+ * 

T µν(x) =

∫

R

dξ
√

γ bµν(ξ)
1√−g

δ(4)(x − z(ξ)),
� /h%0[��



� 
�� 
�� ���5������� $ [

3!5;* >_9�5;:L6%'�9EC=<8pm*&)z6;:=< >?6;C4576;Co*��O@ <4p � pm*A>_<8D,9 D,);* + <oC=6�>_9 +BCL6kw=<=ChM � /h%UT'� <�� �&*&:=*;P
z0(ξ) =

ξ
� %�\J:=<h5&*&P � pm*&)z6O:=<7>?6;C4576OC�>_9�pX6;pm*�M�*,+BC4*&DEM CL6|+B<�!�9E*&P *&:�!�<��,P 9�2=:=*;DE5&*;:=)&:=9EP 9,C=DEp=<#"pm*&*&:;+B<=C=6O576

x
�=576;pm*o<�C=6!+ <�!�9,*&P *&:�!�<#� P 9�pX*;*&:;+B<=CL6O5;9

ξ
% � 6;pm*��X9��L2=*O3!5&*oD,9

T µν 5;:L6;C=D �!�*&:=P <43!9 pX6;*!5;9,C��,*&:�Mq*,+BC4*&DEM}CL6
x � 5&:L6OC=D !�*&:=P^6OK=<7>_9��42=* �k6OpX*;C4Mqpm*O@L<=w=C=<=pX6]< bµν �L9 DE95&:=6;C=D !�*&:4P <=D 6O5;<�CL6�<=DA5&<�CL6kw=<4C#%


;9 +BC=6 w4<=CL6 � /h%0[��W2=:49 +BDA576;)OR.6]5&:L6+'q9EC=<|*&2=<=DJP^6O5;9,:=< >_9J@L*&pX67@ <��,*&)z6;C=9JC=6.@ <=C=<7>_<
z(ξ)

�<|M�*&)&*&P *��O@L<=p4M �L9EP *o5;:L6%'}<45&<":=9A3]9En�6 >_9 +BC=6 w4<=C=9<� /h%HZ3�A%
� ���������������	� ��� 
 ��
 �

V�6 +�6�:=9A3�6;)z6OP *J>_9 +BCL6kw=<=C4M � $&%'$ T'�W24:=9E5;2=*&DE576O)OR.6 > M'�L<�:=9A3]9An�9�Mq*��O@ <4p4M � /X% [��$�=N_+B9�DEM
bµν(ξ)

<
zµ(ξ)

C=9,24*�� CL675&9 !JMXC=p=K4<7>_9�pX* >_9�5;:=9 �&6}*,+B:=9 +B<45&<�% ��6;*82=:=)&<"pm*&:L6;p �L2=:=9,24<43]<=P *
� $;% $ T3�WM�P^67@ *!+B:4MXN 6kw=<7>_9EP *��O@ <4p4MB%NM�6;<4P 9��

∇νT
µν = ∂νT

µν + Γ ν
ρνT

µρ + Γ µ
ρνT

ρν

=
1√−g

∂ν(
√−gT µν) + Γ µ

ρνT
ρν,

N_+B9|D,P *�pm*&:=<4DE5&<X@ <Y<X+ 9,C45;<45&9A5 � $;% /�� % � � >_9 +BCL6kwL6;)&6 > M'�L< D,6�C4Mk@ *&P�<�P C=*�'}99�L<�D 6 √−g+B*��;<7>?6;P * 
∂ν(

√−gT µν) + Γ µ
ρν

√−gT ρν = 0.
� /h%HZ3�

( );:=DE5;<=P *qD,6 +�6 � /h%0[��WM � /h%HZ3� 
∫

R

dξ
√

γ
[

bµν∂νδ
(4)(x − z) + bρνΓ µ

ρνδ
(4)(x − z)

]

= 0.

1 );M�>_9 +BCL6kw=<=ChM�5&:=9��z6.+B9,phMh2X@ *&)z6O5;<"M}2L6;:!>_9 +BCL6kw=<=CL6�pm*A>_9 � 6;D,9��&C=*8*,+B:=9 �XM > M
zµ < bµν %

]6 �&<=DEP *q5&*�MX:L6k+B<h@ <���CL6 >_2=:=9!2=*&P C=*�'}<=P *�>_9 + CL6kw=<=C4M�D 6q2=:4*&<�� );*OR�C=<=P D,pX67@ 6;:=C=<=P 2=* �R�9,P
f(x)

<�<#� )&:43!<=P *�<=C45;9,NE:L6;K=<7> M�2=*�K=9A@L*&P�2=:=*&DA5&*&:=);:=9,P 9EC4MB%�!MXC=p=K=< >?6
f(x)

2=:=<45;*&PC=<7>_9.2=*;5;24MXC=*|2=:=*&<��,)&*OR�CL6#��)&9	� P *&:L6 �k6 +B*;)&*OR.6;)z675&<�C49,pX6�*&243.576�D,)&*A>_DA5&)z6h% �J*&C=p=:49E5&C4*��5&:49 �z6�+�6 �;M +B9�:L6+�E@ <=w4<4576 *,+YC4Mk@ 9|D 6OP * CL6 pX*;P 2L6;p45;C=*&P-24* + D,p4MX24M DE)&*&N}+B*;P 9,CL64%�1 )z62=:=9A5&2=*;DE576;)&pX6o>_98C=9E*&2#"z*,+BC=6�+�6 �&<=DEP *�DEP 9A@ < +�6 � 6;P 9,C4<=P *�:49 +B*&D @ 9 +�<=C45&9EN,:L6OK=<7>?64% ��* �:=<=DA5&9	�L<�2L6;:4K=<7>?67@ ChM�<=C45;9,N,:=6;K=<7> M|M�2=:4)&*&PYD,6��&<=:4p4M�<"*&D,*��;<=C=9
δ
!JMXC=p=K=<7>_9%�4+B*��&<7>?6OP * 

∫

R

dξ
√

γ

[

−bµν ∂f(z)

∂zν
+ bρνΓ µ

ρν(z)f(z)

]

= 0.
� /h%0y��

M�6 *&)&*&P|P 9,DA5;M�>_9^C=9E*&2#"z*,+BC=6�+B<4N,:=9ED,<7>?6SMJN,9E*&P 9E5;:=<7>_D,phM.<4C45&9E:=2=:=9A576;K=<7> MB%WV�pX67@B6;:=C4* 2=*7R�9
f(x)

>_9�2=:=*;<�� )&*7R�C=*���67@ <�DE9.n�9EN,*&)}N,:L6 + <7>_9,C45 ∂f(z)
∂zν

+ M 'r@ <=C4<7>_9
z(ξ)

C=9�P *�'q9�*,+�6��&:=6O5&<2=:=*;<�� )&*7R�C=*��43.5&*qDE9�)&<X+B<"<���<X+B9EC45&<45;9E576�
df(z(ξ))

dξ
=

∂f(z)

∂zν

dzν(ξ)

dξ

�����
= f,νu

ν.

v#6O5;*]+ 9A@ <=P *}N,:L6k+B<7>_9,Ch5
f,ν

CL6o2=6;:L67@ 9 @ C4M|<"*&:45;*&N,*&C=67@ C4M|pm*&P 2=*;C=9,C45OM 
f,ν = f⊥

ν + f ‖uν.



$kZ � ��� ��� � 
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\J*�+B9 !�<=C=<4K=<7>_<|>_9
f⊥

ν uν = 0
��+B*&p pm*&9 !�<=K4<7>_9,C45

f ‖ *,+B:=9 �mMk>_9EP *�<��oN,*;:4n�9,No<X+B9EC45&<45;9E576��2L68DA@L9 +B< 
f,ν = f⊥

ν +
1

γ

df

dξ
uν.

V�6 +B6��
f(z(ξ))

<
f⊥

ν (z(ξ))
DEM�C49��k6O)&<=D,C4<�<"2=:=*&<��,)&*OR�C=< �L2L6 >_9 +BCL6kw=<4C4M � /h%0y���2=:=9E2=<=DAMk>_9EP *CL68DA@L9 +B9	�L<�CL6kw=<4C 

∫

R

dξ

{

−√
γbµνf⊥

ν +

[

d

dξ

(

1√
γ
uνb

µν

)

+
√

γbρνΓ µ
ρν

]

f − d

dξ

(

1√
γ
uνb

µνf

)}

= 0.
� /h%Hl3�

\J*&9EC4576 *&);<#" 5&:L6OC=D !�*&:=P^6OK=<7>?6 >_9�+�6�D 6k+�6 P *�'}9,P *�+�6 �k6OphRSMXw=<=P *�+B6�>_9�D,)&6;p=< wh@B6;C
� 6;D,9��&C=* >_9 +BCL6Op�C4Mk@ <�%�\J*��X<=P *8* +�5&:499�L9EN��BpX* >_<�DE9�P *%'q9J<��,<=C45;9,N,:=67@ <45;< ph6O* 

∫

R

dξ
d

dξ

(

1√
γ
uνb

µνf

)

=
1√
γ
uνb

µνf

∣

∣

∣

∣

ξ=+∞

ξ=−∞

= 0,

>_9E:�>_9 !JMXC=p=K4<7>?6
f
:L6%�E@L<=w=<4576 *,+ ChM @L9 D 6;P *�CL6�pm*&P 2L6Op45&C=*;P 2=*,+BDEp4MX24M D,)&*;N"+B*&P 9ECL64%

]6;ph@L9�*;)z6 >�D 6��&<4:L6;p"C=9,DA576 >_9.<#� � /h%Hl3�A%v#6O5&<4P :=6%� P *;5;:=<=P *�+B:4MXNE<oD,6��&<=:=6;p#% \J*;3.5&*�DEM
f⊥

ν

<
f
C49��k6O)&<=D,C4<o<�24:=*&<��,)&*OR�C=< �z*&)z6 >2=:4)&<�DE9�P *�'q9J<#�k6��&:=6O5&<�+�6 �;M +B9�C4Mk@B6��L2L68<��<� /h%Hl3��� 6;phRSMXw4M >_9,P * 

d

dξ

(

1√
γ
uνb

µν

)

+
√

γbρνΓ µ
ρν = 0.

� /h%H`3�
1 )&*�>_9�>_9 +BC=6 w4<=CL6 �k6

z(ξ)
pX* >?68D,6 +B:�'}< �k6;D,6 +�C=9,*,+B:=9 �X9,C=9]pm*&9�!�<=K=<7>_9EC45&9

bµν(ξ)
%

�J*&CL6kw=C=*��W:L6%�,P *;5&:=<4P *�2=:=)&<YD 6��&<4:L6;p#% M�6�*&)&*&P P 9,DE5OM�>_9")z6%'}C=*�+�6 DE9�DE9E5;<=P * +�6
Einstein

*&)&9�>_9 + CL6kw=<=C=9.N,:L6;);<4576;K=<=*;C=*&N�2=*OR.6 �k6+"X5&9E)z6 > Mq+�6�5&9EC�� *;:�9,C=9E:=N,< >_9$�X<=P 2hM @LD 6
T µν

�;M +B9}D,<=P 9A5&:=<4wL6;C�� � $;% $ [��A%�1 )&*8>_9oD,2=9EK=<�!�<=w=C=6�*&D,*��;<=CL6�5;9,*&:=< >_9��&9��}5&*&:#� <7>_9O% �JP^6 > M'�L<*&);*qM�);<X+ M � 6;pm*�2=*&N?@L9 +�6;P *A� /h% [�� )&<X+ <=P *}+�6�<
bµν P *;:L6 �&<45;<�D,<=P 9A5&:=<=w=6;C#%&��*;:=<=DE5;99�L<*&)OMYDE<=P 9E5;:=<7> M ��:L6+� �&<7>?6OP *

bµν C=6�pX*;P 2=*&C=9EC45&9 *&:h5&*&NE*&CL67@ C49 <Q2L6;:L6 @ 9A@ C49�576;C=N,9EC45&C4*&P)&9Ep45&*;:4M
uµ 

bµν = bµν
⊥ + bµ

⊥uν + bν
⊥uµ + buµuν.V�6 +B6 �k6OP 9,C=*&PQM!>_9 +BCL6kw=<=ChM

bµνf⊥
ν = 0

* + :=9��mM >_9,P *�pm*&9�!�<=K=<7>_9EC45&9
bµν
⊥

�
bµ
⊥

<
b
pm*&:=<=DA5&99�=<2=:4*&<�� );*OR�C=*&DA5 !JMhC4p=K=<7>_9

f⊥
ν

<�2=:=*A>_9Ep45&*;)z6On�9 >_9 +BCL6kw=<=C49 CL6
uµ %CM�6;2L6;P 9A5JD,9�P *�'q9�)&<X+ 9E5&<+�6 P *&:=6 �;<45&<

bµν
⊥ = 0

<
bµ
⊥ = 0

� +B*;p 24*&DA@ 9 + n�< pX*;9 !�<=K=<7>_9EC45��
b
�W*&DA576 >_9|2=:=*&<#� )&*OR.6OC#%v#6;pXRSMhwhMk>_9EP *��h+�6;pX@ 9��h+�68P *&:L6 �&<h5&< 

bµν(ξ) = m(ξ)uµuν,
� /X% $ ���

N_+B9�D,P * 576 > 2=:=*&<��,)&*OR.6;C.pm*&9 !�<=K=< >_9,C45
b
2=:49,<=P 9EC=*&)z67@L<]M

m
% ��<X+B<4P *S+�6^>_9%� +B* CL6 !�6;ph5&*&:

m
�
bµν M�24*;5&24MXC=*;DE5&<�* + :=9��X9,C4* !JMXC=p=K=<7>?6OP^6 zµ(ξ)

%V�6 +�6�P *�'}9,P *!+�6 �k6;P 9EC=<=P * � /h%'$ �3�WM � /h%H`3��w=<=P 9�+B*��&<7>?6;P * 
d

dξ
(
√

γmuµ) +
√

γmuρuνΓ µ
ρν = 0.

� /h% $;$J�



� 
�� 
�� ���5������� $ y

1 )&* >_9�5;:L6%'�9ECL6]9 !�9Ep45&<=);CL6 >_9 +BCL6kw=<4CL6�p=:=9E5767n�6]p=<=C=pX6��7>_9E:�D,9�n�9EC=<=P�:=9A3�6;)z67n�9,P�+B*��&< �>?6 > Mq2L6;:L6;P 9A576;:=DEpX9 >_9 +BC=6 w4<=C=9.5;:L6 >_9Ep45&*&:4<7>_9.p4<=C=pX6��
z(ξ)

%

;9 +BC=6 w4<=CL6�D 6 +B:#'q< C=9E*,+B:=9��X9ECYpm*&9 !�<=K4<7>_9,C45

m(ξ)
% ��9 �mMX5;<=P ��*;CL6�CL6;P 9	�L9|* + :=9��X9,CM&D @ *&)"CL6�n�9,N 64%�1J);*�D,98P *�'}9.@B6;pm*")&<X+B9A5&< 6;pm*"24:=*A>_9,ph5;M >_9,P *�>_9 +BCL6kw=<4C4M CL6�)&9Ep45&*&:

uµ

%\J:L6;)&*7@ <=C=<7>_DEp=<=P :L6kw4MXC=*&PQDE9 + *��&<7>?6�
d

dξ
(γm(ξ)) = 0.

� /h%'$ /��
1 )&<=P <X+ 9,C45;<45&9A5&*&P DE9

m
P *�'q9.9A@ <4P <=C=<=D,6O5&< <�� >_9 +BCL6kw=<=C=9O%�� 576;)&<43!9���6;pm*�<�� 6��&9,:49,P *2L6;:=6;P 9E576;:

ξ
576OpX*J+�6&�OMk+ 9

ξ = s
�h*;CX+�6J5&<=P 9 !�<4pXDE<=:L6;P *.N,9 >��

γ = 1
�m<}<=P^6OP *

m = const
�

+B*&p"D,9�>_9 +BCL6kw=<=CL68p=:=9A576On�6}DE)&*,+B<"CL6�2=*�� C=6O5;M|NE9,*,+B9��,<7>_D,phM8>_9 +BCL6kw=<=C4M 
d2zµ

ds2
+ Γ µ

ρν

dzρ

ds

dzν

ds
= 0.

1 )&*�>_9W+�6;ph@L9 9�!�9,p45;<=)&CL6�>_9 +BCL6kw=<4CL6�p4:=9E576On�6�2=:=<��O@ <�'}C=*J576kw=pX6;DE5;*&N�p=<4C=p � :49E3]9An�6�24*OR.6P^6O5;9,:=<7>_9�M�D,2=*OR.673!n�9,P�N,:=6;)&<4576;K4<=*&C=*&P�2=*ORSMB% ��<X+B<4P *�+B6q>_9�*;CL6�MX2=:L6;)&* <m+B9,C45;<=w=CL62=*&DA5;Mk@ <=:=6;C=*A>oNE9,*,+B9 � <7>_DEpX* >J>_9 +BCL6kw=<4C=<Yp=:49E576On�6 pX* > M D,P *�+B*��&<X@ < )&6;:=<7>?6;K4<7>_*&P +B9 >_DA5&)z6
� $;% [���@+"4<��&:=<X+BC490@}5;9,*&:4<7>_9�576kw=pX6;DA5&9.w=9,DA5&<=K=9.<�NE:L6;)&<h576;K=<=*&C4*&N.24*OR.64%
� ��� ��� � ��� �


;9 +BC=6 w4<=CL6!p=:49E576On�6B� /h%'$&$J� pm*A> M8D,P *J+B*��&<h@L<�>_9 P^6;C=<�!�9,DA5&C=*�pm*&)&6;:=<7>?6;Ch5&CL6�ph6OpX*�Mo* + �C=*&DAM�C=6q*&243.5&9�pm*&*&:;+B<=C=6O5&C=9]5;:L6;C=D�!�*&:=P^6;K=< >_9���576;pm*|<�M�*,+BC=*&DAM�CL6}:=9,2L6O:L6;P 9E5;:=<�� 6;K=<7>_9D,);9E5&DEpm9 @ <=C4<7>_9;% �W9A@ <=w4<=C=9
bµν � uµ < m

�m*&D,<=P 3!5;*.DAM82=:=*&DA5&*&:=);:=9,P 9EC=D,p=<}5&9,C#� *&:=< � :=9 +B*&P5&9EC�� *;:�+ :4MXN,*&N�:=9 +�6��4);9,p45;*&:|<�D,pX67@B6;: � �4576;pm*��X9�DEMq5;9,C��,*&:=<|Mq*,+BC4*&DEMqCL6]:=9,2=6;:L6;P 9A5&:=<�� 6 �K=<7>_9
ξ → ξ′(ξ)

� :=9 +B*&PYDEpX67@B6;:��L);9,p45;*&:�<|5&9EC�� *&:�+B:4MXN,*;N.:=9 +�63� %��J*&C4p=:=9E5;C=*��
m′(ξ′) =

dξ′

dξ

dξ′

dξ
m(ξ).

]6;ph@ 9%�
m
DE9�5&:L6;C4D !�*&:=P <43!9 pX6;* + )z6;24Mm5�pm*&C45;:L6;)z6;:4<7>?6;C4576;C 5&9EC�� *;: M *,+BC=*&DAMQCL6�:=9 �2L6;:=6;P 9E5;:=<��k6OK=<7>_9|D,)&9A5&DEpX9�@ <4C=<7>_9;% 1 )&*�DAMXN,9,:4<43]9"<=C45;9,:=2=:49E576;K=< > M

m
pX6;*o>_9 +BC=*,+B<=P 9EC �� <4*&CL67@ C4*&Nq9�!�9Ep45&<4)&C=*&Nq5;9,C��,*&:L6�9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6 P^6O5;9,:=< >_9}@ *&pX67@ <#� *&)z6OC=9qCL6|@ <=C=<7>_<�%

� 576;);<43]9%�4*&C >_9 pm*&)z6;:=< >?6;C45&C4*.*&whMh)&6;C#%nM�6;<=P 9 >_9 +BCL6kw=<=CL6<� /h%'$ /�� DE9SP *�'q9 24:=9,2=<4D 6O5;<qpX6;*
∇ξm = 0,N_+B9�>_9 ∇ξ

>_9 +BC=*,+B<=P 9EC�� <4*&CL67@ C4<�pm*&)z6;:=< >?6;C45&C4<�<��,)&*,+�+ 9 !�<=C=<=D,6;C"CL6�D,)&9A5&D,pm*A>�@ <=C=<7>_<q+B9 �@ *&)&6On�9,P CL6 )&9Ep45&*;:QpX6;* ∇ξv = ∂ξv + Γv
� *&)7+ 9]>_9

Γ
>_9 +BC=*,+B<=P 9EC�� <4*&CL67@ C=6�pX*;C=9,pmD,< >?6pm*&C=DA5&:4MX<=D,6;CL6 P 9E5;:=<=w=p=<4P�5;9,C��,*&:=*&P @ <4C=<7>_9��

γ
�A% ]6;ph@ 9%�

m
>_9 � 6;2=:L6O)&*�9�!�9Ep45&<4)&C=<�pm* �)z6;:4<7>?6;C45;C=*]*&w4MX)z6OC�>_9 + C=*,+B<=P 9,C#� <=*&C=67@ C=<�5&9EC�� *;:�9,C=9E:=N,<7>_9��X<=P 24Mk@ D,6�P^6O5&9E:=<7>_9 @L*&pX67@ <��,* �)z6;C49�C=6]@L<=C=<7>_<#% (�*&)&*;P DEP <=DA@LM �

m
DE9�P *�'q9 �,)z6O5;< "P&'�8& E'�0��/0)���� %VWMXP <=:L6 >_P *]:49��,Mk@L57675&9J*&)&*;N 24*&N?@B6;)OR.6h% �J*&)z6;:=< >?6;C45&C4< �k6OpX*;C�*,+B:('86On�6J5&9,C#� *&:L6.9,C=9E: �N,< >_9$�X<=P 2hM @LD 6�� � $&%'$ T'� �WD,P * 2=:=<=P 9EC=<h@ <YCL6 P^6O5;9,:=< > M�@L*&pX67@ <��,*&)z6;C4M�C=6 @ <4C=<7>_<#%Y( CL6 > �C=<�']*A>o6;24:=*&pmD,<=P^6OK=<7>_<���576Op=)z6 P^675&9,:4<7>?6�>_9"pm*&)z6;:=< >?6;C45&C4*�*&2=<4D 6;CL6 5&9EC�� *;:=*&PF9,C49,:=NE<7>_9$�<=P 24Mk@ D,6 � /h%0[��$��N_+B9�DAM

z(ξ)
<

bµν(ξ)
C=9,2=*%� CL6O5;9 !JMhC4p=K=<7>_9O% M�6OpX*;C�6;CL67@ <#� 9 � 6;phRSMXw4M >_9,P *DA@L9 +B9	�L9�
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• D,)&9A5&D,pX6o@L<=C=<7>?6 >_9�N,9E* + 9�� <4p 
d2zµ

ds2
+ Γ µ

ρν

dzρ

ds

dzν

ds
= 0,

<

• 5&9,C#� *&:�9,C=9E:=N,<7>_9��X<=P 24Mk@ D,6qP^6O5;9,:=<7>_9�<=P^68*��O@ <4p � MX2=*&:=9 +B<�D,6 � $&%0Z��%� 

T µν(x) = m

∫

R

ds uµuν 1√−g
δ(4)(x − z(s)),

� /h%'$kG3�
N_+ 9.DE9�pm*&C4DE576;C4576

m
<=C45;9,:=24:=9E5;<=:L6�pX6;*oP^6;D 64%


h*&:hn�< :49��,Mk@L57675&< DAM +B*��&< >_9,C=< M CL6 >_C4<�'�*A>�6;2=:=*;pXDE<=P^6;K=< >_< M :=6%� )&* > M 2=*
δ
!JMhC4p �K=< >?6;P^64%�U�pm* D,9�� P 9 �mMX5;<=P � MXphRSMXw=9�);<43]<QwX@B6;C=*&);< M :L6%�,)&*A> M ��>_9 + CL6kw=<=CL6 p=:=9E5767n�6A�L9

� 6;)&<=DE<45&< * + MXC4Mm5&:=6O3!n�9�DE5&:hMhph5;MX:=9�p=<4C=pX64%VM�6�2=:=<=P 9E:��WMXp4MX2=C=< P *&P 9,Ch5 <4P 24Mk@ D 6 �L9DE9qp4MX2h@ *;)z6O5&< D,6�5&9EC�� *;:=*&P�p=:=<=);<=C=9q24:=*&DE5;*&:=)&:49,P 9,C=6�� 3!5&* �L9q<�� 6%� )&6O5&< *,+BDA5;MX2L6On�6�*,+NE9,*,+B9��,<7>_D,pm9]2hMX5767n�9 � $kG�� % ��<43]<�P *&P 9,Ch5&<�DE9 + *&DE576o<��,MXwL6;)&6 > M�Mq@ <45;9,:L675;MX:=<���67@ < �k68CL6;D
*&) +B9J5&*oC=<7>_9 �k6;C4<=P R�<=)&*��4<"M�5OM|2=:=*��7@ 9,P^6O5;<=p4M|C=9	�L9,P *oMk@B6%� <h5&<#%\J:=*&pm*&P 9,Ch576;:=<43!<=P *.*;)7+B9�<]5;* +B6 D,P *J*&)z6Op=)&<=P 2=:4<=DE5OMh24*&P�2=:=6;p45&<4w=C=*�MhpX@ *&C=<h@L<oDE)&9C=9 +B*&DA576O5&pm9 "h<��;:=<X+BC=9 5;9,*&:=< >_9�+ <=D,p4Mm5;*&)z6;C=9SM.2=:=9E5+"z*,+BC=* >�N?@B6;)&<�%nM�6 >_2=:=9%�zD,)&9 !JMXCX+�6;P 9EC �5767@LC=9!)z6O:=<7>?6��O@L9�M�5;9,*&:4<7>_<�DEM -=�?>K&#�h+B*&p�pm*&*&:;+B<=CL675&9.5;*qC=<4DEM ��);99��DAM|D 6;P *o2L6;:=6;P 9E5;:=<#%v#6O5;<=P � �&:=*A> 2=*&DA5;Mk@B6O576�>_9]M <�� );9,D,C4*&P D,P <4DA@LM�P^6On�<�%�M�6;<=P 9�� 2=*;DE5;Mk@ <4:L67@ < D,P *�@B6;N,:=6 �C�'}<7>?6;C � $&%'$&$J�}<�+�6�M 5;9,*&:4<7>_< <=P^6;P * p=<=C4pX*;)&9 pm*A>_< DEMY6;2=:=*;pXDE<=P^6O5;<=)&C=*�576kw=pX6;DE5;<�� <
)��	�,���*)�n�< "z*&)&9 >_9 +BCL6kw=<=C49�p=:=9E5767n�64%!\J:=<h5&*&P �*)���"�� -�����/81(� )324&^�*)A�*) -�2�)*���*)O- ��+���)��3&�I
�������*)�50�K�*) +32i��/9&(GL�<E;�9��/�)����H1

Minkowski
50� �,�?" -32i����/^�	2!1�%81 )&*.>_9�*&w=<4N?@ 9 +BC=6"2=:49 +BC=*;DE52=:4<=DE5OMh2=6J5;9,*&:4<7>_9�2=*OR.6L� 2=:4<=C=K=<=2�9Ep=)&<=)&67@ 9,C4K=<7>_9 P *�'}9�MJ@B6ON,:L6;C#'q<7>?6OC4M<� $&%'$&$J� wL6;p�;<45&<<�9EpmD,2h@ <4K=<45&C4*oC=6;:4Mm3]9EC��=CL6!24:=<=P 9,: �A% �J*&CL6kw=C=*��hp=<4C=p�C=<7>_9 ��� �0&(+�/0����576kw=pX6;DE5 � )&99��D,6;P *M

single-pole
6;2=:=*;pXDE<=P^6;K=< >_< pm*A> M DEP *�:L6%� P^675&:L67@L<!� ��3.5&* *;5&)&6;:L6 P *&NEM'�LC4*&DE5 +�6 D,9 M*��7@B6;DE5;<Y2=:4*&DE5;*&:L6 M pm*A>_*A>8DE9|*&C�CL67@B6%�,< P 9A5&:=<4ph6 2=:=*&DA5&*&:=);:=9,P 9ECL6A@&<4D,2=9EN?@B6�@ 576OpX* +�6C=9EP^6�D,<=C4NEMk@B6;:=<h5&9E576h% �S<=P 9}D,9qM;D,2=9A3]C=* �k6O*��&<h@B6+� < 2=*A>?6O)OR�<=)z6On�98K=:4C=9�:4MX2=9�CL6�P 9,DE5OM

N_+B9JDE9 p=<=C4p�CL67@B6%�,<��=<�P 9A5&:=<=w4p=<�5&9,C#� *&:!>_9 CL6�5&*&P�P 9,DA5;M}+ *��&:=*�+ 9 !�<=C=<=D,6;C�� 6!D,6.n�<=P�<NE9,*,+B9��,<7>_D,pX6�>_9 +BCL6kw=<=C=6}pm*A>?6�*&2=<=DAM >_9.p=:49E576On�9�p=<=C=pX64%\J:=9��X<=P *"D 6 +B6"CL6|K=9EC45&:L6 @ C=<�2=:4*��O@ 9EP �#+B6"*&)&6 >J*;243!5;<�2=*&DA5;MX2L6;p�N,9,C49,:L67@L<43]9EP *�CL6D @LMXwL6 > DA5&:4MXC=9O%�� * >_9�2=:49 +BP 9A5q<��A@B6;N 6On�6�M�CL6O:=9 +BC4*&PY2=*;N?@B6;)ORSMB%
! �� 3 ' * � 2&(

� � )&*��X9En�9�pm*A>_9�DEP *"24:=9��,9,C45;*&)z67@ <�M�24:=9E5+"z*,+BC=*&P 2=*&N?@B6;)7RSMo>_9�+B*��&:=*|2=*��,CL6O5&*A� P^6 +�6
C=9�M|*&)z6OpX*�!�*&:=P^6 @ C=*&P *��O@ <=phM|<�C=*O576;K=<7>_<!� <�24*&DE5;*A>_9.:=6 +B*&)&< �U/��#��/h$	� pX* >_<�M&*;243!576;)&6 > M2=:4*&K=9 +LMh:hM"576OpX*�+�6]MXphRSMXw=<"5;*&:��,<7> M"<"<#�,MXwL6;)z6 > M|:L6%�E@L<=pm9.pm*A>_9�*&CL6.+B*;C=*&D,<|5&9E*&:=<7>_<�%�\�6<=2=6;p��mD,)z6�+B*&D,6 +�6O3.n�6�<4DE5&:=6%'q<4)z6On�6JDEM��&<X@B6�*;:=<7>_9,Ch5&<=D,6;CL6.C=6�D @LMXwL6 >^w49,DE5;<=K=9%�=<}C4<7>_9SD,9:L6+� P^6O5;:L6;*|*,+BN,*&)&6;:L6 > M'�L< 2=:4*��O@ 9EP 2=:4*&CL67@B6+'q9An�6�>_9 +BC=6 w4<=CL6�p=:=9A576On�6 �k6�9,pmDA5&9,Cm+B<=:L6;C4<*�� >_9,pX6O5�� pX6;* 3!5;*">_9�DA5&:4MXCL6h% ��6;pm* D,P *�*��A>?6;D,C4<h@ < M MX)&*,+ M � *&)&6 >82=:4*��O@ 9EP �k6;D @LM '}M >_92L6+'}n M � <�M *&)&*&P 24*&N?@B6;)ORSM �k675&* N,9EC=9,:=67@ <43!9,P *

Papapetrou
*&) P 9A5&*,+	�^< 2=:=9 � 9EC45;M >_9,P *:=9A3]9An�9;%



� 
�� 
��5�� � 	 � $k`
���������	��
���������

VW5&:4MXCL6.>_9%� �k6q:=6%�E@ <4p4M�*,+ w=9EDE5;<=K=9��4>_9 +BC=*,+B<=P 9EC�� <=*;CL67@ C=< *��A>_9EpX6O5�pm*A>_<�C=9!24Mm5;M >_982=*C=9EpX* >�DE)&9E5;D,pm*A>�@ <=C4<7>_<�p=:=*�� 2=:=*&DA5&*&:=);:=9,P 9%�=)&99�|24:=9 �&:4<=DEM >_9 +B)&*,+B<4P 9,C��,<=*&CL67@LC4M�2=:4*&)&:43 �5��,)=% DE)&9E5;D,p4M!2=*&)&:h3�� M % v#6O5;*�:L6%�,P^6O5&:=6;P *�C=9Ep4M.2=*&)&:43 M�2=:=*;DE5&*;:=)&:=9EP 9,C4M �;+B9 !�<=C4<=D 6;ChM>_9 + CL6kw=<=CL6;P^6
xµ = zµ(ξa)

��N_+B9"DEM
ξ0 < ξ1 C=9,pm9"2=:=*&<��,)&*OR�C=9 � 6 @ < + *��&:=*�+B9 !�<=C4<=D 6;C49?�pm*&*&:;+B<=C=6O5&9�C=6 D,);9E5&DEpm*A>q2=*&)&:43!<#% \J:=9E5;2=*&DE576O)&<O�L9EP *�+B6�>_9"2=*&)&:43 :=9,NAMk@B6;:=CL6 < +�6 DE92=:=*;DE5&<4:=9�576;pm*.+�6�D,)z6;pX6!24:=*&DE5;*&:=CL6&"h<=249,:=2=*;)&:43FDE9,w=9 DE)&9E5;D,p4Mq2=*&)&:h3-576kw=C=* >_9 +�6;C=2hMX5��=<+�6�>_9]24:=9,DE9,p MX)&9,pq>_9 + C=*,+B<=P 9,C#� <=*&C=67@ CL6�@ <=C=< >?64%.1J)&6q2=:=9A5&2=*&DA576;)&pX6�>_9!* + :L6%� !�<��,<=w=pm*&N

�k6 "h5;9,)z6q+�6�DE9�DE5&:hMhC=6"CL6 @B6%� <�C=9EN_+B9�M�2=:4*&DE5;*&:4M�M�D,)z6;pm*&P 5&:49,C4Mm5&phM ��<�2=*&D @ 9 +B<4KL6|5;*&N 6>_9�+�6�D,9�2=*&);:43 2=:=*&DA5&<=:=9&�&9,DEpm*&CL6kw=C=*�+�67@ 9EpX*8M�2=:4*;3.@ *;DE5}< �;M + M'�LC4*&DE54%( )&9 +B<=P *8576;C=NE9,C45;C=9])&9Ep45&*&:49.CL68D,);9E5&DEp4M|2=*&);:43 
uµ

a

�����
=

∂zµ

∂ξa

N_+B9
a ∈ {0, 1},

<|Mh);9 +B<=P *8n�9,C"P 9E5;:=<=w=p4<�5&9EC�� *;:���<4CX+ MXpm*&)z6;C"P 9E5;:=<=pm*&PQ2=:4*&DE5;*&:=)&:=9EP 9,CL6 
γab = gµνu

µ
au

ν
b .U�pm* >_9�2=*&)&:43 :=9ENEMk@B6;:4CL6o<"pm*&*&:;+B<=C=6O5&9

ξa + *��&:=*]+B9 !�<=C4<=D 6;C49��L576;C=NE9,C45;C=< )&9,ph5&*&:=< uµ
0

<
uµ

1

DEM�@ <4C=9 6;:4C=*qC=9 �k6;);<=D,C=<�% �JCX+ MXpm*&)z6;CL6oP 9E5;:=<=pX6�>_9�2=*o2=:=9E5;2=*&DA576;)&K=<�C=9 +B9,NE9,C=9E:=<=D 6OCL6��
det(γab) 6= 0

�h<|<=P^6]D,<=NECL6O5OMh:hM
diag[+1,−1]

%�1 )&*�,CL6kw=<q+�6�D,9W>_9 +�6;C�*,+�576;C=N,9EC45&C4<#"�)&9,p �5&*;:L6]Mh);9,p|P *�'}9�<�� 6��&:L6O5;<q+�6�;M +B9J)&:=9EP 9,C=DEpm*&NJ5&<=2L6]MqD,)z6;pm*A>W576kw=p=<|2=*;)&:43]<A� DA@LMXwL6 >_9E)&9
pX6 +�6�2=*&DA5&*A>_9"576 w4pX9"M�pm*A>_<=P^6�*&)&* C=<7>_9|DA@LMXwL6 >oC=9"<=D,phRSMXw4M >_9EP *�� 67@ <V�L9EP *�<#" � 6;D,9��&C=*:L6%�,P^6O5&:=6O5&<!� %�� * >_9 2=:4<=:=*,+BC=*]M;*&243!5;9En�9�w=9,DA5&<=w4C=*&N�DA@LMXwL6 >?6��=N_+B9JDEP *�:L6%� P^675&:L67@L<"DE)&9E5 �D,phMq@ <=C=< > M�pm*A>?6 >_9�>_9 +BC=*,+B<=P 9EC�� <4*&CL67@ C=6}P C=*&NE*&DE5;:4MXpm*&DE5qw=<7>?68<=CX+ MXpm*&)z6;C=6oP 9A5&:=<=pX6o<=P^6D,<4N,CL6O5OMX:4M

diag[+1]
%

��6;*|<�M�DA@LMXwL6 > M�w=9,DA5&<=K=9%��'�9 @ <=P *q+�6�:L6%�,)&<7>_9EP *|5;9,C��,*&:�9EC=9,:4N,<7>_9��X<=P 24Mk@ D,6"M
δ
:49 +*&pm*]576kwL6;pX6�CL6]D,);9E5&DEpm*A>S2=*;)&:43]<�%W\J:=*;K=9 + MX:L6 >_9 24:L6;p45;<=w=C=*o<=DE576�pX6;*]MqDA@LMXwL6 > Mqw=9,DA5&<=K49��D 6 :L6%�E@L<=pm*&P +�6�DE9�MXP 9,DA5&*

δ(3) pm*&:=<=DA5&9 δ(2) !JMXC=p=K=<7>_9O% ( single-pole
6;2=:=*;pXDE<=P^6;K=< >_<

�k6OC=9,P^6;:hMk>_9EP *�DE)&9�wX@B6;C=*&);9"M�:L6+� )&*A> M�D,9,P-)&*,+B99�L9EN���576OpX*�+�6�5;9,C��,*&:Q9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6C=9"D 6 + : '}<Y<#� )&*,+B9
δ
!�MXC=p4K=<7>?64% V�@L<=w=C=* ph6O* pm*,+ w=9EDE5&<4K=9�� pm*&)z6O:=<7>?6;C45;<��k6OK=<7>?6�DE9�2=* �DE5;<�'�9]pm*&:4<43L�L9An�9,P�>_*;3 + )&9

δ
!JMhC4p=K=<7>_9]<|+B)&9!9EpmDE5&:=6|<4C45&9EN,:L6;K4<7>_9;% � 6;pm*�DE5;<�'�9EP *}+B*pm*&)z6;:4<7>?6;C45;C=*&N�<�� :L6+�k6�

T µν(x) =

∫

M

d2ξ
√−γ bµν(ξ)

1√−g
δ(4)(x − z(ξ)).

� /h%'$ T'�
�J*&9 !�<=K4<7>_9,C45;<

bµν D,9 5;:L6;C=D�!�*;:=P <43!M|pm*&)&6;:=<7>?6;Ch5&C=*8pX6;pm*�M�*,+BC=*&DAM�CL6�+ <�!�9,*&P *&:�!�<#� P 92=:=*;DE5&*;:=)&:=9EP 9,CL6 � 5 >E%
x
pm*&*&:;+B<=C=6O5763� �=576OpX*o<�M�*,+BC4*&D,C4M�CL6�+B<�!�9,*;P *&:�!�<�� P 9�P C=*;N,*&DA5&:4M �pm*&DE5;< � 5A>E%

ξ
pm*&*&:;+B<=CL675763�A%1 )&*�>_9�5&:L6+'�9,C=<�*&2=<=D.P^6O5&9E:=<7>_9���<�M|5&*;P *��O@ <=phM"5;:L6%'}<=P *q:49E3]9An�9S>_9 +BCL6kw=<=C=9B� /h%HZ3�A%

M�6;:L6;);C=*��S*&)7+B9�ph6O* <QMYDA@LMXwL6 > MQw=9EDE5&<4K=9 24* + :L6%�,MXP 9E)z6;P *�+�6�2=:L6O)&9}>_9 +BC=6 w4<=C=9 p=:=9A576 �n�6*� 6�2=*7R.6�P^6O5;9,:=<7>_9q<=P^6 > M :=9E3!9En�6�M *��7@ <=p4M DE5;:4MXC=9�w=<7>_< 5&9,C#� *&: 9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6*&2L6k+�6o9EpmD,2=*&C49,C=K=< >?67@ C=*���pX6;pm* �&<
single pole

6;2=:=*&pmDE<=P^6;K=<7>?6o<=P^67@B6oD,P <=D @B64%Sv#6�5&9E*&:=<7>_9D 6�*&)z6;p=);<=P *&D,*��&<=CL6;P^6�D,9 �,CL6|+�6�2=*;DE5&* >_9 � $ `�� � <�pX6;D,C=< >_9 �L9,P *�24:=*z6;CL6 @ <�� <4:L6O5&<�>_9 +�6;Cpm*&C=p=:49E576;C�24:=<=P 9,:�%
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\J:=9A@B6+� <=P * CL6 :49E3�6O)z6On�97� /h%HZ3��5&:L6+'q9	�L<!:=9A3]9An�9�M�*��7@ <=p4M � /h% $,T'�#N_+B9WDAM�2=*&C=*&);*
bµν(ξ)<

z(ξ)
C=9,24*�� CL675&9 !�MXC=p4K=<7>_9�pX* >_9�5;:=9 �&6o*,+B:=9 +B<45;<#% v#6;P 9EC=*&P�+B*��&< >?6;P * 

∫

M

d2ξ
√−γ

[

bµν∂νδ
(4)(x − z) + bρνΓ µ

ρνδ
(4)(x − z)

]

= 0.

��C4*�'q<4P *�D,6J2=:=*&<��,)&*OR�C=<4P DEpX67@B6;:=C4<=P�2=*7R�9,P
f(x)

<8)&:h3]<=P *�<=C45;9,NE:L6;K=<7> M824*�24:=*&DE5;*&: �)&:49,P 9,ChM�% \J:=9A5&2=*&DA576;)OR.6;P *8+�6J>_9 !JMhC4p=K=<7>?6
f(x)

:L6%�A@ <=w=<h576�* + C4Mk@ 9!D,6;P *oCL6}pm*&P 2L6Op45 �C=*;P 2=*,+BD,p4MX24M�D,)&*&NJ+B*&P 9ECL6���pX6;pm* �&<4D,P *�DEP 9A@ <�+�6�pm*&P Mm5;<=:L6;P *�<=Ch5&9,NE:L67@ 9O% ��*;:=<=DE5;99�L<2L6O:=K=<7>?67@LC4M|<=C45;9,N,:=6;K=<7> M|M�2=:4)&*&P D 6��&<4:=p4M|<"*&D,*��;<=C=9
δ
!JMXC=p=K=<7>_9%�4+B*��&<7>?6OP * 

∫

M

d2ξ
√−γ

[

−bµν ∂f(z)

∂zν
+ bρνΓ µ

ρν(z)f(z)

]

= 0.
� /h% $k[��

 6%� �&< >?6;P *}NE:L6 +B< >_9,C45
f,ν

CL6�2L6;:=67@ 9A@LC4M|<�*;:45&*&NE*&CL67@LC4M|pm*&P 2=*&C=9EC45;M 
f,ν = f⊥

ν + f ‖
aua

ν

1 :45;*&N,*&C=67@ CL6opX*;P 2=*&C=9EC4576}2=*]+B9�!�<4C=<=K=<7>_< �k6k+B*&)&*OR.6O)z6
f⊥

ν uν
a = 0

�h+B*&p|<���<X+B9EC45&<45;9E576�
∂f(z(ξ))

∂ξa
= fνu

ν
a

P *�'}9,P *8<��,:L6kw4MXCL6O5;<�pm*&9 !�<=K=< >_9,C45;9
f
‖
a
�L2=68D @ 9 + < 

f,ν = f⊥
ν +

∂f

∂ξa
ua

ν.

\J*&C=*;)&*��
f
<

f⊥
ν

DEM|C=9 �k6;)&<4D,C=<�<"24:=*&<��,)&*OR�C=<��L2=68*;:=N 6;C=<��EM >_9,P * � /h% $k[���M�*��7@ <=p 
∫

M

d2ξ

[

−√−γbµνf⊥
ν +

(

∂

∂ξa

(√−γbµνua
ν

)

+
√−γbρνΓ µ

ρν

)

f − ∂

∂ξa

(√−γbµνua
νf
)

]

= 0.
� /X% $kZ��

 6%� P *;5;:=<=P *}CL6 >_2=:=9J5;:=99�L<�D 6��&<4:L6;p#% �JC45;9,N,:=67@ <=P *�N 6.+B*o2=*&);:43]<=C4D,pm*&N�<=C45&9EN,:L6 @B6�
∫

M

d2ξ
∂

∂ξa

(√−γbµνua
νf
)

=

∫

∂M

dλ
(√−γbµνua

νnaf
)

.
� /X% $ y��

1 )7+B9 >_9
λ
2L6O:L6;P 9E576O:qpm*A>_<o2=:=9 �;:=*A>?6;)z6 576kw=pm9�C=6�NE:L6;C=<=K4<

∂M �h6
na

*,+BN,*&)&6;:L6 > M'�L<o)&9,ph5&*&:C=*;:=P^67@ 9 
na ≡ εab

dξb

dλ

∣

∣

∣

∣

∂M

.

�
εab

>_9 6OC45&<=DE<=P 9E5;:=<=w=C4<�5&9,C#� *&:
Levi � Civita

% v#6 +B9A5767R�9S)&<X+B9A5&<�+B*,+�6O576;pqs�% ��V�6k+�6��m2=*;3.5&*DE9
f
P *�'q9S<�� 6��&:L675&<�C=9 �k6;);<=D,C4*!CL6�N,:L6;C4<=K=<

∂M <oM�MhChMX5;:L6O3.n�*&DA5&< M �m*&)z6 >^wh@B6OCqP *&:L6



� 
�� 
��5�� � 	 � /h$

�k6OD,9 �;C=* +�6 �;M +B9�C4Mk@B6�� 6�2=*O3!5&*�>_9
f
< 2=:4*&<�� );*OR�C=*�� <=Ch5&9,NE:L6;CX+ P *&:=6 �&<45;< C4Mk@B6��S2L6<=P^6;P *�

√−γbµνua
νna

∣

∣

∣

∣

∂M

= 0.
� /h% $ l3�
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∣

∣

∣
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mab∇au
µ
b = 0.

� /h% /OZ3�
IJ<4n�9EC=<=KL6�+�6�>_9
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p � �;:L6;CL68<�DA5&:4MXCL6}2=*&D,P^675&:L6 > M � 6 �>_9 + C=*�pX6;* >_9 +�6OC�D,<=DA5&9,P pm*A>_<|D,9 p=:499�L9 MqD,2=*OR.673!n�9,P�NE:L6;)&<4576OK=<=*&C=*;P 2=*7RSM�% ��6;pm*!576Op=)&9pm*&P 2h@ <4pX*;)z6;C=9�pm*&C�!�<=NAMh:=6;K=<7>_9�P^6O5&9E:=<7>_9�>_9,DAM�<=C45;9,:=9ED 6;Ch5&C=9]24*oDE9 �&< �=M�*&)&*;P :L6k+ M�<#"�C=9:L6%�,P^6O5&:=6;P *���);99� D,9|*&N,:=6;C=<=wL6O)z6;P *�CL6�DA@LMXwL6 >�DE5;:4MXC=9�pm*A>?6�<=C45;9,:L6;NAM >_9�D 6OP * D,6 NE9,*&P 9 �5&:4<7>_*&P 2=:=*&DA5&*&:=);:=9,P 9ECL64%�1J);*� CL6kw=<�+�6]p=:L6 >_9,)&<|DE5;:4MXC=9�C=9,P^6 > MqC=<43.576]+B:hMhNE*}D,6�w=<=P �&<
<=C45;9,:L6ON,*&)z6 @ <��43.5&*]*�� >?6O3!n�6;)&6�2=* >?6;)OR�<=)z67n�9 �&6O3

Neumann
*&)&< "�NE:L6;C=<=w4C=<#"}M&DA@L*&)z6!2=:4<<��,)&*��h9An M.>_9 + CL6kw=<=CL6op=:=9E5767n�64%VWMXP <=:L6 >_P *�D,6 +�6�:49��,Mk@L57675&9�*&)&9oN?@B6;);9;% ��:49,C4Mk@ <�DEP *�*,+ pm*&)z6O:=<7>?6;C45;C=*&N �k6;pm*&CL6�* + �:('86On�6�5;9,C��,*&:L6 9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6��7� $;% $ T3� � <�5;:L6%'}<h@ <�:=9E3!9En�9�pm*A>_9�*;2=<=DEM >_9�P^6O5;9,:=< > MMQ*��O@ <=p4MQDE5&:hMhC49;%j( CL6 >_C4<�'�*A>�6;2=:4*&pmD,<=P^6;K4<7>_< 5;9,C��,*&: 9,C=9E:=N,<7>_9��X<=P 24Mk@ D,6Y<=P^6�*��7@ <=p

� /X% $ T3� � N_+B98DEM
z(ξ)

<
bµν(ξ)

C=9E2=*�� C=6O5&9 !JMhC4p=K=<7>_9O% M�6;pm*&C�<��,)&:43!9,C=9}6;CL67@L<�� 9%� � 6;phRSMXw4M �>_9,P *8D @ 9 +B9	�L9�
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• D,)&9A5&D,pX6q24*&)&:43 >_9J*,+B:=9 �h9ECL6J>_9 +BCL6kw=<=C4*&P�
∇a(m

abuµ
b ) = 0;

• P^6;D,9EC=<�5;9,C��,*&: mab >_9�pm*&)z6;:4<7>?6;C45;C=*}*;w4MX)z6;C 
∇am

ac = 0;

• 576 w4pX9.CL6�p=:L6 >_9E)&<=P^68*;5&);*&:=9,C49.DA5&:4MXC=9.P *&:L6 > M �k6 +B*;)&*OR.6;)z675&<|N,:L6OC=<=w=C=9�M&D @ *&)&9 
√−γmabnbu

µ
a

∣

∣

∣

∣

∂M

= 0;

• 5&9,C#� *&:�9,C=9E:=N,<7>_9��X<=P 24Mk@ D,6qP^6O5;9,:=<7>_9�M�*&);*A>S6O2=:=*&pmD,<4P^6;K=<7>_<�<=P^6�*��O@ <=p 

T µν(x) =

∫

M

d2ξ
√−γ mabuµ

au
ν
b

1√−g
δ(4)(x − z(ξ)).

� /h%0/;`3�
M�6;DEMX2=:=*O5}D @LMXwL6 > M|w=9EDE5;<=K=9��=+B<=C=6;P <=pX6}P^6O5;9,:=< >_9�M�*��O@ <=phM�DE5;:4MXC=9!NE9,C=9E:L67@ C=* �k6;);<=D,<*,+�n�9EC=9}MXC4Mm5&:=6O3!n�9�DA5&:4MXp45OMh:49;% v#6;<=DA576�� pm*&)z6O:=<7>?6;C45;C=*�*&)

¸
Mh)&6On�9}9�!�9,p45;<=)&C=*&N}5&9,C#� *&:L69EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6#� ∇am

ab = 0
� C=9EP^6 >_9 +B<=C=DA5&)&9EC=* :=9E3!9En�9%��);99� 24*&DE5;*A>_< w=<h576;)QD,phMh2:L6+�E@ <=w4<45&<#"�P *&NAM'�LC=*&DA5&<"+�6�DE9.<�� 6��&9E:=9

mab �L*,+�pm*A>_<#""D,)&6;pX68);* + <�+B:hMhN 6kw=< >_*A>�+B<=C=6;P <=K=<DA5&:4MXC=9O%\J:=<=P 9E5;<=P *��mD 6 +B:hMhNE9 DA5&:L6OC=9��&+�6J2=*&DA5&*A>_<8<oN,9,*;P 9E5&:4<7>_D,pm*!:49E3]9An�9 6;CL67@ *;N,C=*�>_9 + C=*,+B< �P 9EC�� <=*;CL67@ C=*;P
m ∝ γ−1 �4pm*A>_9 <=P^6]*��O@ <=p mab ∝ γab <o+B9 !�<=C4<43]9J5&:=6 >_9,p45;*&:=<7> MqDE5;:4MXC=9JM24MXC=* >S6;C=67@ *&NE<7>_<|D 6�N,9E* + 9�� < >_D,pm*&P @ <4C=<7>_*&P %�1 )z6 >�pm*&C=p4:=9E576;C�<�� �;*&:

mab :=9,24:=*,+ MXp4M >_9�M;* ��&<4wL6 >_9,ChM.+B*��&:4*.2=*%� CL6O5OM!+B<=CL6OP <=p4M�DA5&:4MXC=9 ��>_9 +BCL6kw=<4C=9 p4:=9E576On�6�<oN,:L6;C4<=w=C=<oM&DA@L*&)&<oD,9DE)&*,+B9SCL6J*&C=9 pm*A>_9�+B*��&< >?6;P *J)z6;:=<4:L6On�9,P
Nambu � Goto

*&);*&N�+B9 >_DE5&)&64% ( DA@ 9 +B99�=9,P�2=*;N?@B6;)ORSM
�L9EP *�ph@B6;DE<�!�<=pm*&)z6O5;<�ph6OC=*&C=DEpX9�*��O@ <=pm9

mab < :L6%�,P *;5&:=<h5&< n�<#"z*;)�MX5;<=KL6 >�CL6o+ <=CL6;P <=phMDA5&:4MXC=9O%�� 6OpX*��X9Q�L9,P *]+�6O5;<�C49,pm9.24:=<=P 9,:49;%
M�6�p=:=6 > M82=:=<=P 9A5&<=P *.+B6 >_9 + CL6kw=<=C=9 p=:=9E5767n�6!w=9,DA5&<=K49J<=P^6 > M8P^67@L5;9,C=9 <=DE5;<�*��O@ <4pqpX6;*>_9 +BCL6kw=<=C=9qp=:=9E5767n�6�DE5;:4MXC=9;%�v#6O<=DE576�� Mhpm*O@L<=pm*"+B*��,)&*O@ <=P *|+�6�<=Cm+B9,pmD,< DE)&9E5;D,pm9�2=*&);:43]<

M � <4P^6 > M D 6;P *]>_9 +BChM�)&:=9 + C=*&DE5
0
MXP 9,DE5;*"+B)&9%� );<X+B<=P *�+�6�DE9�>_9 +BCL6kw=<4CL6�p=:49E576On�6"DE5&:hMhC49DE)&*,+B< CL6�N,9E*,+B9��,<7>_D,p4Mo>_9 +BCL6kw=<4C4M�p=:49E576On�6�w=9EDE5;<=K=9;%!1 )&*�C=< >_9]DA@LMXwL6 >_C=*&DE5�� <�5&<=P 9K�L9,P *DE9.2=*%�k6��z6O)&<45&<|M�2=*;N?@B6;)ORSM�/h% [X%V�6 +�682=:=9 @B6%� <4P *}CL6o6;CL6 @ <��,M|P^6OD,9,C4*&NJ5&9,C#� *&:L6

mab <�C49,p=<#""*;D,*��&<4CL6 >_9 +BCL6kw=<=C=6}p=:=9 �576On�68<"N,:L6;C4<=w=C=<#"|M;DA@ *;)z6oDA5&:4MXC=9O%
! �� : 2 � ' *-(/% � ( 4 '/* ���&' � *-( 4 '/* � 2&)

� ����� ��� � ����� ���	� �	�� �����
	 
������ ���

 6%�,P *;5&:4<=P *�DE)&*A>_DA5&)&9EC=<�2=:4*��O@ 9EP +B)&*,+B<4P 9,C��,<=*&CL67@LC=*&NoP^6;D,9EC=*&N�5&9EC�� *&:=6��
mab %�U�C=6 �@ *;N,CL6qw49E5&);*&:=*,+B<=P 9EC�� <=*;CL67@ CL6�6OCL67@ <�� 6�>_9�)&99��MX:L6+�h9ECL6�� �H/&/ � �B2L6 >_9.:L6+� P^6O5;:L6On�9!D @LMXwL6 >?6D,6]+B);9 + <=P 9,C��,<7>_9�P^6On�9J2=*;5;24MXC=*q2=:=6;)&*O@ <4C=<7>_D,pm*=%
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�� 
 � 	 �5���� � � � �5�� ����� �  � �5�� � 	�� /&[

V�)&*A>_DA5&)&9EC=<�2=:=*��O@L9,P �k6
mab CL6q2=:=*;<�� )&*7R�C=*A> D,);9E5&DEpm*A>J24*&)&:43!< D,6qP 9E5;:=<=pm*&P γab

+B9 �!�<=C=<=D,6;C]>_9�>_9 +BCL6kw=<=C4*&P�
mabwb = λwa,N_+B9#>_9

wa ≡ γabwb

% \�*;DE5&* >?6On�9^C=9,C4Mk@L5;<#".D,)&* >_DE5&);9,C=<#"�);9,p45;*&:L6
wa >_9^N 6;:L6OC45&*&)&6;C=*SM&DA@L*&)&*&P

det[mab − λγab] = 0
�4pX* >_<�2=:49,2=<=DAM >_9,P *qpX6;*op=)z6k+B:L6O5;C4M!>_9 +BC=6 w4<=C4M 

λ2 − ma
aλ + γ det[mab] = 0.

U�C=67@ <�� 68n�9EC=9�+B<=D,p4:=<=P <=CL6OC45&9%�
∆ ≡ (ma

a)
2 − 4γ det[mab]

�L9�CL6;D�+B*;)&9,DA5&<|+ *oP *;NEM'�L<#""pX6;C=*;C=D,p=< "�*��O@ <=pX6�k6
mab %sWM + M'�L<Y+�6|>_9�P 9E5&:4<=pX6�<4CX+B9 !�<=C4<45&CL6#��P *&NAM;�L6�DEM 5&:=< D @LMXwL6 >?6�

∆ > 0
�

∆ = 0
<

∆ < 0
% � 6;pm* �X9%��D,);*A>_DE5;)&9,C=< )&9Ep45&*&:4<YP *&NAM �&<45;< )&:49,P 9,C4D,pm*&N���2=:=*&DA5&*&:=C4*&N�<X@ < ChM @=5&*&N

� DE)&9E5 @L*&D,C=*;N?�S5;<=2L64%Wv �&*;N 5&*&N 6oP^6;D,9EC=<"5;9,C��,*&:
mab C4<7>_9JMh);9,p"P *&NEM'�L9 +B<7>?6;NE*&CL67@L<�� *&)&6O5&<#%\J:=*z6;CL6 @ <�� <4:L6 >_P *J2=*&C=6O3�6On�9

mab M.*&pm*O@ <=C=<�C49,pm9�576kw=pm9 C=6 D,)&9A5&D,pm*A> 2=*&);:43]<#% � � 6��&9 �:=<=P *Spm*&*&:;+B<4CL6O5&9
ξa 576;pm* +B6�MJ<��k6%�&:L6;C=* >�576kw=p4<!2=*&);:43 �;M +B9 @ *&pX67@LC=* :=6;)&CL6�� 5 >E%

γab = ηab

�<
Γ a

bc = 0
%nU�pm*}C=6;2=<43!9,P *

mab M�P^6O5&:=<4w=C=*&PQ*��O@ <=p4M�ph6O*

mab =

[

ρ π
π p

]

,

)&<X+ <=P * +�6
ρ
2=:=9 +BDE576;)7R.6 @ <=C=<7>_DEp4M.NEM&DA5&<=ChM�9,C=9E:=N,< >_9W+ M ' DA5&:4MXC=9%�

π
2=:=9 +BDE576O)OR.6 *,+BN,*&)&6 �:L6 > M'�L< ! @LMXpmD�9,C=9E:=N,<7>_9%�B6 −p

5&9EC�� < > M|DE5&:hMhC49 � % �J*&P 24*&C=9,Ch5&9J5&9EC�� *&:=6o9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6P *&:L6 > M � 6 +B*&);*OR.6;)z6O5;< !�<��,<=w=p=<�M;DA@ *;)"+�6 ! @LMXpmD�9,C49,:=NE<7>_9�C=9}D,P 98+B6 �;M +B9o)&99�L<�* +�NEM �DE5;<=C=9}9,C=9E:=N,<7>_9 
ρ > |π| %��JCL6kw=9 �&<=DEP *�<=P^6 @ < DE<45;M&6;K=<7> M�+�6|P^6O5;9,:=<7>?6"24Mm5;M >_9 �;:�'q9�*,+D,);9E5 @ *&DA5&< �U/&/�� � 3!5&*8>_9 !�<��,<=w=p=< C=9,24:=<#"h)z6O5 R�<=);*=%�\J*;3!5;*�*&);<�M;DA@ *;)&<�P *&:L6 > M �&<45;< �k6 �+B*&);*OR�9,C=<�MqD,)z6OpX*;P�� :49 !�9,:=9EC45&C4*&PQD,<4DE5&9EP M �BP *%'q9 DE9J2=*&pX6%� 6O5&<q+�6�pm*&P 2=*&C49,C45;9�5;9,C��,*&:L69,C49,:=NE<7>_9$�X<4P 24Mk@ D 6

mab P *;:L6 > M � 6 +B*&);*OR.6;)z6O5;<|DA@ 9 +B99�L9.*&243.5&9�M&DA@L*&)&9�
ρ + p > 2|π|, ρ > p.

� /h%HG �3�
V�6 +�6":=9 +B*;P :L6%�,P^6O5&:=6;P *�D @LMXwL6 >_9,);9qpX6 +�6q+B<7>?6;NE*&CL67@L<��k6;K4<7>?6�>_9EDE5&9}*,+BC=*&DEC=*�C4<7>_9}P * �NEM'� 6#�L<�+�6 >_9,P *o* + N,*&)z6O:L6 > M'�=M !�<��,<=w=p4M|<=Ch5&9,:42=:=9E576OK=<7> MB%

���������	�
∆ > 0(�*&)&*&P DA@LMXwL6 > M � 2=*&DA5&*A>_<

Lorentz
*&)z6�5&:=6;C=D !�*&:4P^6;K=<7>?6opX* >_*&PYDE9

mab P *�'q9�+B*;)&9,DA5&<�M+B<7>?6ON,*&CL6 @B6;C"*��O@ <=p 
mab =

[

λ(1) 0
0 −λ(2)

]

, λ(1) 6= λ(2),

� 6 bR[(Z�fpZ
p
8otB9�h?aoc^j*e�9%t(a�]�H�
Nm8_ofpZ ;�]8e^q^]8b9_NeJq^cJm8c^a�]8h 9 a6m8q�9�\Jc HJe(]

−p
;�]	m8_ eJqJZY[�aYmR]8bGLC]�m8Z�\�;6c8f 9�r


 En]8q^]	b	\J_QH
ρ
H

π
c

p
c(j ] f 9 _%[QK�_	b0]8q^]Yf 9 	B9�cJ\Jm8Z�qJeJqJZ�m�]	sJcRf 9<a6]	j*_�9<aYc^a6m8Z�j*c^j ]�9�h0_6fpc^j ]7fpZQaYb9Z6m	a6h�]eJ_9b	q�
 t^_	h?]8t^\J_#q(]8b	\(]�H3e^]7_	b0] f�90a t^_9b c^j ]7a6j*c(a t(]7\^]9j*Z6mR]8m8ca6]9j*_ 9Hm8c^j aYc^a6m8Z�j*c^j ]^r��C_ 
Pm8_PfpZl\^] 
�]aYb9Z6m	a6h?]ieJ_9b	q�
 [(b	_%[(c(j*Z6\�;�cJ_	\^]8t^\^]BH%m	cNqJZ78CZ6qJZ�\Jm8\Jc�aYc^a6m8Z�j*c a 9 j*Z� 99aY_ �	\J_FeJ_	b9ZI;�]	\Jc

Lorentz
_	b	c(j m8q^]8\(a>U

8C_	q(j ]8sJcRfg]9j ]�9 [(b	Z [(c(j*Z6\�;�cRfpZ � fpZY[(\^] b9qJZ�j*Z�\^aYh?]�c�fpZ [(\^]�eJq^_9aYm	_	qJ\^] �>HJmYfYr
boost

U _	b9c^j ]Jr
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N_+B9�DEM
λ(1) < λ(2) DE)&*A>_DE5;)&9,C49W)&:49 +BC=*;DE5&<!* + mab % 1 )&* � CL6kw=<J+�6S2=*&DE5;*A>_<!DE<=DE5;9,P P <=:4*&)z6On�6�� �M8pm*&P 9 >_9 ! @LMXpmD�9EC=9,:4N,<7>_9 >_9 +BCL6OpqC4Mk@ <��

π = 0
�m<}P^6O5&9E:=<7>?6.P <4:4M >_9;%W1 )&*�>_9 D @LMXwL6 >�*��;<=w=C=9P^6;DE9,C=9�P^6O5;9,:=<7>_9O%(^DA@ *;)&<A� /h%HG �3��DE9�D,6 +�68D,)&*,+B9�CL6

λ(1) > |λ(2)| �=3!5;* �,CL6kw=<|+B6�>_9�NAM&DE5;<=CL6q9EC=9,:4N,<7>_9�MX)&9,p2=*%� <45;<=)&CL6��X<8Mh);9,p >_9 )&99� 6�*,+�6;2=D,*7@LMm5&C=9 )&:=9 + C=*&DE5;<}5;9,C��,<7>_9;%N
;9 + CL6kw=<=C=9 p=:=9A576On�6�DA5&:4MXC=9M"*&pm*O@ <4C=<�2=*;D,P^6O5;:L6;C=9!576kw=pm9]DE9S>_*;3F+B*,+�6O5;C=*�P *&NAM|2=*A>_9 +BC=*&DA576;)&<45;< 6OpX*}pm*&:=<=DA5&<=P *}@L* �pX67@ C4*�<=C=9E:=K=<7>?67@LC=<�:=9�!�9E:=9,Ch5&C=<�D,<4DE5&9EP ��5A>E%S6OpX*}2=:=*&DA5&*&:4)&:=9,P 9EC=D,pm98pm*&*&:;+B<=C=6O5&9]<#�k6��&9 �:=9EP *�576;pm* +�6 �OMk+ 9
gµν = ηµν

�
Γ µ

νρ = 0
�OM�*&pm*O@ <4C=<�2=*&DEP^6O5&:L6OC=9�576kw=pm9;% � 6 +�6 DE9 >_9 +BCL6kw=<=C=9p=:49E576On�6oDE5&:hMhC49��

mab∇au
µ
b = 0

D,)&*,+B9�CL6�

ρ
∂2zµ

∂τ 2
+ p

∂2zµ

∂σ2
= 0.

U pX*�>_9�5;9,C��,<7>?6�DE5;:4MXC=9.24*�� <45;<=)&CL6��+�
p < 0

�h*&)&*�DE9JP *�'q9 2=:=9E2=<=D 675&<"ph6O*�2=*�� C=6O5768576 @B6;D,C=6>_9 +BCL6kw=<=CL6 
∂2zµ

∂τ 2
− ω2∂2zµ

∂σ2
= 0,

� /h%0Gh$J�
N_+B9 >_9

ω =
√

−p/ρ
�&:#� <=CL6 2=:=*&DA5&<=:L67n�6 5767@B6;D,64% (^D @ *&)&< � /h%HG �3���k6+"X5&9E)z6 > M�+�6 �;M +B9

ρ > −p
�*,+�6;pX@ 9

ω < 1
% ]6;ph@ 9%� �&:��,<=CL6�2=:=*&DA5&<=:=6On�6 �,);MXpX6 p=:4*�� DE5&:hMhChM�>_9 P^67n�6�* + �&:��,<=C=9DE)&9E5 @ *;DE5&< ��pX6;*�3!5;* �&<=DEP *}<|*&w49,p=<=)&67@ < �k68*��&<=w=ChM�P^6;D,<4)&C4M|P^6O5;9,:=<7> MB%\J*;3!5;*�DE9o24* + :L6%�,MXP 9E)z6�+B6!>_98P 9A5&:=<=pX6

γab

D,)&9A5&D,pm9o2=*&)&:h3]< C=9 +B9EN,9EC=9,:=<4D 6;CL6V� D,);M +�6#�MXphRSMXw4M > M'�L<�<"9,);9,C45OMz67@ ChM�NE:L6;C=<=KhM*�$�LN,:L6OC=<=w=C=<"M&D @ *&)&<S� /h%0/&y���DE9�DE)&*,+B9�CL6�
λ(1)n0

∣

∣

∣

∂M
= λ(2)n1

∣

∣

∣

∂M
= 0,

� /h%0G&/��
3.5&*)� C=6 w4< +�6 �z6O:|>_9 + CL6�D,);*A>_DE5;)&9,CL6�)&:=9 + C=*&DE5�P *&:L6�C=6�N,:L6OC=<=K=< �;<45&< C4Mk@B6h% �]<��,<=w=p=<M;DA@ *&)

λ(1) > |λ(2)| *&Cm+�6�* + :=9��mM >_9 λ(1) 6= 0
�
λ(2) = 0

�=2L68DA@L9 +B< 

mab
∣

∣

∣

∂M
=

[

ρ 0
0 0

]

,

D,6�*&w=9,p4<=)z6;C=*;P <4C45&9E:=2=:=9A576;K=<7>_*&P +�6}5&9EC�� < >?6 −p
M�D,<=DA5&9,P M�P <=:=*&)z67n�6qP *&:L6 �;<45&<�C4Mk@B6CL6�p4:L6 >_9,);<=P^6�DE5;:4MXC=9;% � �qM&DA@L*&)z6V� /X%0Gz/���576 +�6�576;pm*��X9|DA@ 9 +B<

n0 = 0
� 3!5&* �,CL6kw=<�+�6�D,9NE:L6;C=<=K=6�CL67@ 6%� < CL6|pX*;*&:;+B<=CL6O5;C=<=P @ <4C=<7>?6;P^6

ξ1 ≡ σ = const
%}1 +�6O5 @L9q)&<X+ <=P *�+B6"DEP *P *&N?@L<|+�6�pm*&:=<=DA5&<=P *}<�NE:L6;C=<4w=C=9�M&DA@L*&)&9�M�*��O@ <4p4M � /X% /;l��A%

��� � ��� �
∆ = 0(�*&)&*&P DA@=Mhw=6 > M �B24*&DE5;*A>_<

boost
pm*A>_<4P DE9

mab 2=:=9E)&*,+B<�M�*��O@ <=p 

mab =

[

λ + µ µ
µ −λ + µ

]

.
� /X%0G&G��

�@6 b	_PfpZP[�]8h?t^Z�99a6e�9�m8\JcKqJZ 8CZ�qJZ6\Jm	\JcLa6c^aYm	Z�j H 9 h�_0j*Z�j ]	m8Z6qJc8fg] h�_6fg]#aYZ�\^]8t(]";�c�9 mR] u hJcKh�_Yf 9QeJ_0a6j ]@Um8q^]9j*_`j*cJq�9%fpZ	r
�@6 b	_�;6\^] u c`[�] fpZ a6m8q�9�\^] q^]9aYm8Z K6\�9�mR]�H?c m8Z6k c [�]la6Zna6]Rk`j*Z HJeJ_	eB90m�;%]8m8Z K6\�9�m8_ K t�]	aYm	c?k`]Jr
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1 )7+B9W>_9
λ
>_9 +B<=CL6�D,);*A>_DE5;)&9,CL68)&:=9 +BC=*&DA5��4+B*&p]>_9

µ
2L6;:L6OP 9E576;:"pm*A>_<|C=<7>_9�<=C=)z6O:=<7>?6;C4576#� 67@ <n�9,NE*&) � CL6Op�>_9EDE5;9���2=6�D,6;P <=P�5&<=P <=P^6;P *�+B9�!�<4C=<=D 6OCL6�5;:=< 2=*,+BDA@LMXwL6 >?6�

µ > 0
�
µ = 0<

µ < 0
% (^DA@L*&)&< � /h%HG �3�!DE9"*;)7+B9|D,)&*,+B9|CL6

λ > 0
<

µ > 0
�Ww4<=P 9!>_9|5;:=99�=<Y2=*,+BD @LMXwL6 ><=DEphRSMXw=9,C pX6;*�C=9 !�<��,<=w=p=<#% � 6;pm*�� D,)z6Op=<�C=9A5&:=<=);<7>?67@B6;C

mab D,9}P *�'}9}:L6+� �&<45;< CL6�DAMXP M+B)&9!P^6O5&:=<4K=9�� pm*A>_9]*,+BNE*&)z6;:=6 > M�DE<45;M&6;K=<7>?6OP^6
λ = 0

�
µ > 0

<
λ > 0

�
µ = 0

%  6%� P *;5;:=<=P *<#"!>_9 +BC4M|2=*�>_9 +BC4MB%

~���� � � � �	�	�
λ = 0 � µ > 0 �

( *&)&*&P DA@LMXwL6 > M�>_9 +B<=C=<�D,)&*A>_DA5&)&9EC=< )&9Ep45&*&:|>_9}C4Mk@L5;*&N�� 5A>E%D,);9E5 @ *&DEC=*&N]5;<=2L6��#< C49]2=*&DA5&*A>_< DE<=DE5;9,P P <=:=*&)z67n�64%J1 )z6;p4)z6}DE<45;M&6;K=<7>?6�D,9!<=C45&9E:=2=:=9A5&<=:=6pX6;* �&9��,P^6;D,9ECL6 P^6O5;9,:=< >?64% ( w=9A5&)&*&:4* + <=P 9,C��,<=*&CL6 @ C=*A>�9 @ 9,p45;:=*,+B<=CL6OP <=K=<���CL6�2=:=<=P 9E:��P *�'�9,P *":L6%�,P^6O5&:=6O5&< pX*;C�!�<=NEMX:L6;K4<7> M 9A@ 9Ep45&:=<4w=C=*&N}< P^6;NEC=9E5;C=*&N}2=*OR.6.>_9 +BC=6;pm*&N8<=C45&9EC �� <h5&9E576#�
E = B

��<�P 9 > �mM&D,*��&C=*�*&:h5&*&NE*&CL67@ C4<#" 2=:L6;)z6OKL6��
E · B = 0

%}( 2=*&NE*,+BC=*�*,+�6%�&:L6 �C=*&P :=9 !�9E:=9,C45;C=*&P�D,<4DE5&9EP M � 5&9EC�� *&:�9,C=9E:=N,<7>_9��X<=P 24Mk@ D,6�9A@ 9Ep45&:4*&P^6;N,C49E5&C4*&N�2=*OR.6}+B*��;<7>?6*��O@L<=p 

T µν =









E2 E2 0 0
E2 E2 0 0
0 0 0 0
0 0 0 0









.

1 )z6;pX6;)�>_9��mCL6�2=:=<=P 9E:��z@ <=C=9,6;:=C=*.2=*O@B6;:4<�� *&)&6;C}:=6;)z6;C85767@B6;D pm*A>_<qDE9S2=:=*&DA5&<=:=9 M�D,P 9E:4M
x �*&DE9��=<�)&<m+B<=P *!+�6!5&9EC�� *;:�9EC=9,:=NE<7>_9 � <=P 24Mk@ D,6o<=P^6!576kw=C4*}*��7@ <=p � /X%0G&G�� �4D,6

µ = E2 < λ = 0
�DJ5&<=P +�68<=P^6.+B)&9�9,pmDE5;:L6q2=:4*&DE5;*&:=C=9 +B<=P 9EC�� <7>_9%�;>_9,:]>_9�24:=<=P 9,:�w=9E5;)&*&:=*,+B<4P 9,C��,<=*&CL67@ 6;C#%


 :L6;C=<=w4C=<�M;DA@ *&);<S� /h% /;y���D,9�D,);* + 9.CL6 

µ(n0 − n1)
∣

∣

∣

∂M
= 0,

*,+�6;ph@L9
n0 = n1 % ]6;ph@ 9%� )&9,ph5&*&: C=*;:=P^67@ 9�CL6�N,:=6;C=<=K4M >_9�DE)&9E5 @L*&D,C=*;N�5&<=2L6#� 2=6 D,9�CL6*&DEC=*&);M.n�9,N,*;)&9�+B9�!�<4C=<=K=<7>_9 )&<X+ <.+�6W>_9�<8)&9,p45;*&:8576;C=N,9EC45&9 CL6JN,:=6;C=<=K4M!576;pm* �X9SD,);9E5 @ *&DEC=*&N5&<42L6�� 3.5&* <=P 2h@L<=K=<=:L6"+B68>_9o576Op=)z6�<�D,6;P^6�NE:L6;C=<=K=64% �W<X+B<=P *"+B6�pm*&*&:;+B<=CL675&CL6�@ <4C=<7>?6

σ = const.
C49.P *�'}9 +�6��;M +B9�CL6oNE:L6;C=<4K=<��L3!5;*�>_9��k6;2=:=6;)&*8:L6%�A@ *&N�� �&*&N�pm*&N�C=<=DEP *qP *&N?@ <+�6�pm*&:=<=DA5&<=P *q*��O@ <=p|NE:L6;C=<=w4C=<#""M&D @ *&)z6 � /h%0/;l3� %

~���� � � � �	�	�
λ > 0 � µ = 0 �

( *;)&*&PYD @LMXwL6 > M"D,);*A>_DE5;)&9,CL6o)&:=9 +BC=*&DA5
λ
>_9�+B9,NE9,C=9E:=<=D 6OCL6���<+B)z6 D,)&* >_DE5&);9,CL6�);9,p45;*&:L6 D,9WP *&NEM�<�� 6��&:L675&<�+�6 �;M + M�>_9 +�6OC]2=:=*&DA5&*&:4C=*&N 6�+B:4MXN,<�)&:49,P 9,C4D,pm*&N5&<42L64% ��6;DE9,C=< 5&9EC�� *;:�>_9�C=9 D 6;P *�+B<7>?6;NE*&CL67@B6OC�� C49,N,* w=6;p 2=:=*&24*&:=K=<=*;CL67@B6;C P 9A5&:=<4K=<��

mab = ληab % 1 )&* D,9 pm*&)z6;:=< >?6;C45&C4*���P *�'}9 � 6;2=<=D,6O5&< ph6O*
mab = λγab �J< +B9 !�<=C=<h3]92=*��,CL6O5�D @LMXwL6 >

Nambu � Goto
*&);9�DE5;:4MXC=9;%�
#M&DA5&<=CL6�9EC=9,:=NE<7>_9

ρ
>_9 2=*%� <45;<=)&CL6��4<=C=)z6;:4<7>?6;C45;CL6<]>_9 +BCL6Oph6�5&9EC�� < >_< 

ρ = −p = λ.

� En]8q^]	b	\J_QH%]	h�_ j*_8klZ%j*_ _9b9] f3c�;�q^]";=[�] ;�]8e^c�
PZ%j*_Fh�_	b0]8qJcRfg]	\Jm8\J_QH�_	\ _9\�[�]ie^_9aYmR]YfpZ=\JZ ;�]8b9c^a6]	\ _%[Nc�;�	_9q^]h�_	_9q	[�cJ\^]8m	\J_GKCaYc^a6m8Z�j ]^r
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;9 +BCL6kw=<=C=9 p=:=9A576On�6�DEM]576kw=C=*�>_9 + CL6kw=<=C=9 pm*A>_9 P <=C=<=P <#� <=:L6 > M82=*&)&:43!<=C4M�DE)&9E5;D,pm9�24*&)&:43!<#%( @ *&pX67@LC=*}<4C=9,:=K4<7>?67@ C=*;PYD,<4DE5&9EP M ��D,);* + 9�DE9�CL68576 @B6;D,ChM!>_9 +BCL6kw=<4C4M 
∂2zµ

∂τ 2
− ∂2zµ

∂σ2
= 0,

pm*A>?6 >_9^<=DE576 ph6O*� /h%0Gh$J� �767@ <�D 6k+�6 D,6
ω = 1

% ]6;pX@ 9��
Nambu � Goto

*&)z6�DA5&:4MXCL6^>_9^CL6O2=:L6;)OR�9ECL6*,+8P^675&9,:4<7>_9�pm*,+opm*A>_9#>_9��&:#� <=CL6 � );MXpX6^>_9 +BCL6;pX6 �;:�� <=C4<!D,);9E5 @ *&DA5&<#% ( 2=:=<=:4* + <!C=<7>_9W2=*��,CL6O5C=< >_9 +�6;C�9A@B6ODE5&<4w=C=<�P^675&9,:4<7>?67@ D,6o*;)z6;p=)&<4P DE)&*A>_DE5;)&*&P %( @L*&pX67@ C=*�<4C=9,:=K4<7>?67@ C=*;P D,<=DA5&9,P M��
γab = ηab

� �L>_9 +B<4C=<�*,+BN,*;)z6;:L6 > M'�L<�*��O@ <=p�N,:L6;C4< �w=C4<#"|M&D @ *&)z6�>_9 � /h%0/h$J� %^v#6;<=DA576�� *&C|D,9�D,)&*,+B<"CL6
nauµ

a

∣

∣

∣

∂M
= 0,

3.5&*|2=*&pX6%�EMk>_9�+�6qpm*&*&:;+B<=C=6O5&C=<�)&9Ep45&*;:=<
uµ

a

C=<4DEM�@L<=C=9 6O:=C=*�C=9 �k6;)&<4D,C=<#% ]6;pX@ 9���<=C=9,:4K=< �>?67@LC=<�DE<=DE5;9,P >_9�*��z6O)&9��,C=*!+B9,NE9,C=9E:=<=D 6OC�CL68N,:L6;C4<=K=<#%NM�6 >_)&<43!9�3.5&*}P * ']9,P *!+�6�Mh:=6 +B<=P *>_9�+�6�<=DEpm*&:=<=DA5&<=P *�2=*&NE*,+�6;C
boost

pX6;pm*)�&<=DEP *�CL6OP 9,DE5;<h@ <
n0 = 0

� <�+ *&)&9A@L<�N,:L6OC=<=w=C=9M;DA@ *&);98M�M&*��;<=wL6 >_9EC *��O@ <=p
uµ

1 = 0
% U�pm*�� D,6o+B:4MXN,98DA5&:L6;C49�� <=C=DE<=DE5;<=:L6;P *�CL6�:=9,NAMk@B6;:=C=* >2L6O:L6;P 9E5;:=<�� 6;K=<7>_< D,)&9A5&D,pm9}2=*&)&:43!<�� *,+BC=*&DEC=*|CL6�:=9,NAM @ 6;:=C=<=P pX*;*&:;+B<=CL6O576OP^6

ξa � P *;:L6;P *+�6 CL6O24M&DA5&<=P * <=C=9E:=K=<7>?67@LC=< DE<=DE5;9,P %eV�6OP *�576k+�6���P *�'�9EP * <=D,pm*&:4<=DE5;<45&< *��O@ <=p � /X% /;l��NE:L6;C=<=w4C=<#""M&D @ *&)z64% � 6;pm*]+ *��&<7>?6;P *
√−γγa1

∣

∣

∣

σ=0,π
= 0.

� /h%0GOT'�
��<m+B<=P *�+�6 >_9 P 9E5&:4<=pX6 D,);9E5&DEpm9W2=*;)&:43]< +B9EN,9,C49,:=<=D,6;CL6 CL6 N,:L6;C4<=K=<#% \�6+'oR�<=);*&P"6;CL67@ <#� *&P
M;DA@ *&)&6 � /h%0GOT'�^+B*��&< >?6;P *8:=9E3!9En�9

γab =

(

0 0
0 γ11

)

M
σ = 0

<
σ = π

%�V�249,K=<7>?6 @ C=*��
γ00 ≡ gµνu

µ
0u

ν
0 = 0

� 3!5;* � C=6 w4<�+�6]>_9}NE:L6;C=<=K=6�D,);9E5&DEpm92=*;)&:43]<�D,)&9A5 @ *&D,C4*&N.5;<=2L64% 1 )&* >_9�2=*�� C=6O5�:=9 �,Mk@L576O5�<��!:=6%� P^6O5;:L6On�6
Nambu � Goto

DA5&:4MXCL6
� p=:=6 >_9,)&<"DE5;:4MXC=9!DE9�p=:=99�4M �&:�� <4C=*&PYDE)&9E5 @L*&DE5;<#%( *��z6

∆ = 0
DA@LMXwL6 >?6�pm*A>_9WDEP * :=6%� P^6O5;:L67@ < �&p=:L6 >_9E)&<!DA5&:4MXC=9�D,9�p4:=99�=M �&:#� <=C=*;P�D,)&9A5 @ * �DA5&<#% \J*&DE5;*A>_<��BP 9��mMm5&<=P ��:L6%�E@L<=pX6oM"2=*&CL673�6On M�<4CX+ MXpm*&)z6;C=9!P 9E5&:4<=pm9

γab

%�( �&9 � P^6;DE9,C=*&PD @LMXwL6 > M]P 9A5&:=<4ph6�>_9�:=9,NAM @ 6;:=CL6 CL6 N,:L6;C4<=K=< �
γ 6= 0

� � + *&p >_9�M
Nambu � Goto

DA@LMXwL6 > M�+B9EN,9EC=9 �:=<4D 6;CL6 �
γ = 0

� %PM�6 >_9 � <=p4M|NE9,*&P 9A5&:=< >_9��BD,)&9A5&D,pX6o2=*&)&:43 <h@ <"2=:=9ED,9EKL6}2=:4*&DE5;*&:=)&:=9EP 9,C=DEp=<DE)&9E5 @ *;D,C=<�pm*&ChM&D��X<h@ <oN 6JD 6;P *�+B*,+B<4:4M >_9;%PM�6;:L6;)&C4*��&D 6OP^6�DE)&9E5;D,pX6.2=*;)&:43Y>_9 M�*��z6 D @LMXwL6 >?6:=9ENEMk@B6;:4CL6�+B);* + <=P 9,C��,<=*&CL6 @ CL6}24*&)&:43q%
��� � ��� �

∆ < 0(�*&)&*&P DA@=Mhw=6 > M|2=*&DA5&*A>_<
boost

pm*A>_<"2=:=9,);* + <
mab M�*��O@L<=p 

mab =

[

λ′ λ′′

λ′′ −λ′

]

.
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1 )7+B9�DAM +B)&9qD,)&*A>_DA5&)&9EC=9|)&:=9 +BC=*&DA5&< pX*;P 2h@ 9,pmDEC=*+�Xpm*;n MXN,*;)z6;C=9%�
λ(0) = λ′ − iλ′′ < λ(1) =

λ′ + iλ′′ %�1 +BNE*&)z6;:=6 > M'�L<�DE)&*A>_DA5&)&9EC=<�)&9Ep45&*;:=<�DAM�576;pm*��h9.pm*&P 2h@ 9EpXDEC=<#%(^DA@ *;)&< � /h%HG �3�^DEM}Mq2=*O5&24MXC=*A>�2=:=*O5&<=)&:49,w=C=*;DE5&<"D 6]NE*&:4n�<=P�*��7@ <=pm*&P �k6
mab % � * �,CL6kw=<+�6 C=<=pX6 +�C=<=DAM �k6 +B*;)&*OR�9,C4<�� <J+�6 DE9^MX)&9Ep!P *�'}9 CL6(�=<.:=9�!�9,:=9EC45&C=<!D,<=DA5&9,P�MJpm*&P 9�>_9 ! @LMXpmD9,C49,:=NE<7>_9 )&99�=< * + NEM&DA5&<=C49 9EC=9,:4N,<7>_9O%�1J)&6 >}DA@LMXwL6 >�>_9�+�6;ph@L9�C=9 !�<��,<=w=p=< � >_9E: * + N,*&)z6O:L6P^6O5;9,:=<7>_<�pm*A>?6�D,9�p=:=9	�L9&�;:�'q9J*,+�D,)&9A5 @ *&DA5&<#%

]6!:=9,pX6;24<45;Mk@ <=:=6;P * ^D,)&* >_DE5&);9,C=<�2=:4*��O@ 9EP pX* >_<�D,P *]:=6%� P^6O5;:L67@ <�C=6;D >_9 +B*&)&9E*�+B*�5&:=<:L6%�A@ <=w=<h576]DA@LMXwL6 >?6 � DA@=Mhw=6 >
∆ > 0

pm*A>_<q*&24<=DEM >_9 P^6;DE<=)&C4MoP^6O5;9,:=< > M �4DA@LMXwL6 >
∆ = 0

pm*A>_<*&2=<4DEM >_9 �&9 � P^6;DE9,C4M.<
Nambu � Goto

*;);M�P^6O5&9E:=<7> M �z<!D @LMXwL6 >
∆ < 0

pm*A>_<]*;2=<=DEM >_9WC=9 !�<��,<=w=p4M �576+"h<=*&C4D,p4M"P^6O5;9,:=<7> MB%
� ��� � � � 	 ����� � ��� 
 ����� ��������� �	��
���������

 6%�,P *;5&:4<=P *JDE5;:4MXC4M]D,6 )&9E*&P^6 C=9$"z*&P *;N,9,C4*&P�+B<=DE5;:=<��;MXK=< >_*&P�P^6O5&9E:=<7>_9;% ( � P <4P * :L6 +B< �pX67@ C4MqD,<45OMz6;K4<7> M ��N_+B9W>_9�D,)z6]P^6;D,6�DE5&:hMhC49�pm*&C4K=9,C45;:=<=D,6;CL6oM�>_9 +BC4*A>W576 w4p=<��=5A>E%^<�� 6��&9E:=<=P *P^6;DE9,C=<|5&9EC�� *&:
mab +�6��;M +B9�

mab(ξ) =

∫

R

ds bab 1√−γ
δ(2)(ξ − χ(s)),

� /h%HGz[��
N_+B9 DAM

bab C=9Ep=<�2L6;:L6OP 9E576;:=< � ξ = χ(s)
C=9EpX6 <#�k6��&:=6;CL6 @ <=C4<7>?6QCL6QD,);9E5&DEpm*A>�2=*;)&:43]<DE5;:4MXC=9q2=6;:L6;P 9A5&:=<��,*&)z6;C=6�:L6;DA5&*A>?67n�9,P

s
% ��6;*|2=*&DA@L9 +B<=K=6�*&)&*&N 6#� 576OC=N,9EC45&C=< );9,p45;*&: @ < �C=<7>_9%�

va
�����
= dχa

ds

<=P^6�>_9 + <=C=<=w=ChM|C=*&:=P M �
γabv

avb = 1
% �JC45;9,:=9EDEM >_9!CL6OD +B68*,+B:49 +B<=P *�@ <=C4<7> M<���>_9 + CL6kw=<=CL6op=:=9E5767n�6oDA5&:4MXC=9O%


&6;D,C4*�� 2=:=<=P 9EC=<O�L9EP *�<=DA5;M�DA5&:L6O5;9,NE<7> M ph6O*|M�N?@B6;)&<�/h%0/q2=:=< w=9,P M}>_9 >_9 +B<=CL6|:L6%�A@ <=pX6+B<=P 9EC�� <4*&CL67@ C4*&DE5Y2=:=*&DA5&*&:=);:=9,P 9ECL6 � 576;P *
4
��*;)7+B9

2
� % ]6;ph@ 9%� M pm*&)z6O:=<7>?6;C45;C=< �k6;pm*&C*,+B:('86On�6 ∇am

ab = 0
MX)&:=DE5;<=P *o>_9 +BCL6kw=<=C4M � /X%0Gz[��A%  9��EM @=576O5q>_9�576 w4C=* 6;CL6 @ *&N 6;C w=9E5;)&* �:=*,+B<=P 9EC�� <4*&CL67@ C4*&P-D @LMXwL6 > M ��< *,+BP^6+" �k6;pXRSMhwhMk>_9EP * +B6o>_9

bab ∝ vavb <�+�6o>_9�5;:L6%'�9ECL6@ <=C4<7>?6oNE9,*,+B9 � <=p�CL6oDE)&9E5;D,pm*A> 24*&)&:43!<�DA5&:4MXC=9 
d

ds
va + vbvcΓ a

bc = 0.
� /h%0G;Z3�

MJ*�D 6k+�6�DE9}CL6OP 99�L9}DA@ 9 +B99�L9q2=<4576On�9�� +�6�@ <">_9o*&)z6�@ <=C4<7>?6�NE9,*,+B9��,<=p < M )&9 @ <=pm*&P2=:=*;DE5&*;:=)&:=9EP 9,C4M���1 )&* >_9 C=9A5&:=<4)&<7>?67@ C4*o24<4576On�9�� >_9,:�D 6OD,)&<=P M;*&243!5;9�N,9,*,+B9 � <=p"C=9EpX9J24* + �P C=*&NE*&DE5;:4MXpm*&DE5;<�C=<7>_9J<=DA5&*&);:=9,P 9EC=*}<|NE9,*,+B9��,<=p�P C4*&N,*&DA5&:4MXpm*&DA5&<�pm*A>?6 >_9JD,6 +B:('q<�% � � 6��&9 �:=<=P *o576kw=p4M�CL68@ <4C=<7>_<
χ(s)

��<�2=:=<=P 9A5&<=P *}+B6J>_9�576;C=N,9EC45&C4< );9,p45;*&:�@ <=C=< >_9.M�5&* > 576 w4p=<��
va ��576;pm*��h9�576;C=N,9EC45&C4< )&9,p45;*&:QDE)&9E5;D,pm9�2=*&);:43]<#% ��576;)&<43!9�� *&C >_9"576;pm*��X9�<�576;C=N,9EC45&C4<)&9Ep45&*&:}M82=:=*&DA5&*&:=);:=9,P 9EC4M �4M�5&*A> 576 w4p=<#%  6%�,)&<7>?6;P *�N 6.DA5&*&N 6.2=*!pm*&P 2=*;C=9,C4576OP^6 �z6%�,<=D,C=< ")&9Ep45&*&:=6o*,+BNE*&)z6;:L6 > M;�=<#"|576;C=NE9,C45;C=<#"�2=:=*&DA5&*&:L6 

vµ ≡ dzµ(χ(s))

ds
=

∂zµ(χ)

∂χa

dχa(s)

ds
= uµ

av
a.

]6��;<=D,P *o<=D,24<45767@ <"+B6]@L<�>_9 @ <=C4<7>?6o24:=*&DE5;*&:=)&:49,P 9,C4D,p=<�NE9,*,+B9 � <=p��B:L6kw4MXCL6;P *o<��,:L6%� 
dvµ

ds
+ vρvσΓ µ

ρσ,



G � � ��� ��� � 
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<�6OpX* >_9�@ <4C=<7>?6�NE9,*,+B9��,<=p]M�2=:=*&DA5&*&:4)&:=9,P 9EC4M �m*&)&*�P *;:L6 �&<h5&< >_9 +BCL6;pm* C4Mk@ <�% �JD,pm*&:=<=DA5&<=P *+�6Oph@ 9 !�*&:=P Mk@LM
vµ = uµ

av
a < � /h%HG&Z3� � � 6;P 9,C4<=P *�<#" M N,*&:4n�<�<��,:L6%��� +B<�!�9E:=9,C4K=<=:L6;P * <DE:=9 +B<4P *�� <�DA5&<�'}9,P *]+B* 

dvµ

ds
+ vρvσΓ µ

ρσ = vavb∇au
µ
b .

MJ*�2=*;3.5&* >_9
mab ∝ bab ∝ vavb �k>_9 +BCL6kw=<4CL6�p=:=9E5767n�6oDE)&9E5;D,pm9�2=*&)&:43!<|DE5&:hMhC49�� mab∇au

µ
b =

0
�L<=P 2h@ <=K4<=:L6!+�6 >_9

vavb∇au
µ
b = 0

�42L6�� 6;phRSMXw4M >_9,P *]+�6 >_9�
dvµ

ds
+ vρvσΓ µ

ρσ = 0,

5 >E% NE9,*,+B9 � <7>_DEph6�@ <=C=<7>?6 DE)&9E5;D,pm9�2=*;)&:43]< DE5;:4MXC=98>_9 � 6;<=DE576 <=DE5;*&)&:=9EP 9,C=* < NE9,*,+B9 � <7>_DEph6@ <4C=<7>?682=:=*&DA5&*&:=);:=9,P 9ECL64%
U�CL6 @ <��k6 *&);*&N�2=:=*��O@ 9,P^6 < 2=*��,<45&<4)z6;C * + N,*&)&*;: DAMQ576;pm*��X9 )z6+'qC=< D,6�576 w4pX9 N?@ 9 +B< �3.576qpm*&C�� <4DE5&9EC45&C4*&DE5;<#% U�pm*}<=P^6;P *qDA5&:4MXC4M�)&9E*&P^6oP^6 @ 9J+LM '}<=C=9.<h@ <�*��&<=P^6�� N?@ 9 +�6;C=*qD 6:L6ODE5&* >?6On�6�P C=*&N,*")&9	�L9,N8*,+�5;9!+ M 'q<=C49}C=9�);<X+B<=P *�+�6�DE5;:4MXCL6�<=P^6 �&<h@L*"pX6;p4);M}>_9 + C=*,+B< �P 9EC�� <=*;CL67@ C4M�DE5;:4MXp45;MX:4M�<�C=9�:L6%�A@ <=p4M >_9,P *�>_9.*,+�w49,DE5;<=K=9O% v#6O5;*q*&w49,p4M >_9,P *8+�6}DE9.)&9E*&P^6P^67@ 6 DE5&:hMhC=6�p=:499�L9%�zN,:4M �&*�N?@ 9 +�6;C=*��m2=*�2=:=*&DA5&*&:=);:=9,P 9EC=D,pm*&P�NE9,*,+B9 � <=p4M �h6 N,*&:hn�6J6;CL67@ <#�k6CL6OPY2=*&pX6%�EM >_9J+�6 >_9J5&*��k6O<=DE576o<�D @LMXwL6 >E%

Nielsen � Olesen vortex
�
���������

( +B:4MXN,*&PY2=:=<=P 9E:4M �L9,P *o:L6%�,P *;5&:=<h5&<�5;9,C��,*&:�9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6 � 6o2=*%� CL6O5OM
Nielsen �

Olesen vortex
pm*&C�!�<=NAMh:=6;K=<7> M�2=*OR.6 � $k`�� %"\J*O@B6%�,<=P *�*,+�@ 6;N,:L6OC�'q< >?6;CL6�DEpX67@B6;:=C49�9A@ 9Ep �5;:=*,+B<=CL6;P <4pX9
Higgs

*&)&*;N�5;<=2L6�M
Minkowski

>_9E)&*&PY24:=*&DE5;*&:=)&:49,P 9,ChM 

L = −1

4
FµνF

µν +
1

2
(∇µφ)(∇µφ)∗ − λ(φφ∗ − a2)2,

N_+B9!>_9 ∇µφ ≡ (∂µ + ieAµ)φ
%�\J*��,CL6O5;*�>_9 � $k`���+�6 * + N,*&)z6O:L6 > M'�L9!>_9 +BC=6 w4<=C=9|2=*OR.6 <=P^6 > M:=9A3]9An�9opm*A>_9S>_9]DE576O5;<=w=C=*�<�@ *&pX67@ <#� *&)z6OC=*�*&pm*

z � *&DE9;%J(e2=*O@ 6;:=C=<=P pm*&*&:;+B<4CL6O576;P^6A�
x =

ρ cos ϕ
�
y = ρ sin ϕ

� � <�)&:=9,P 9EC=D,pm*&P NE9 >��4M"9A@L9,p45;:=*&P^6;NEC=9E5;C=*&N82=*OR.6
A0 = 0

�B:49E3]9An�9]<=P^6*��7@ <=p
A = Aeϕ, φ = |φ|e−iϕ,N_+B9�DAM

A
< |φ| !JMXC=p=K=< >_9�D 6;P *�*,+ ρ

� +B*;p
eϕ

*��,CL6kwL6;)z6�>_9 +B<=C4<=w=C=<�)&9Ep45&*&: M 2=:L6;);K4M
ϕ
%

MJ9,24*�� CL675&9 !JMXC=p=K4<7>_9
A(ρ)

< |φ|(ρ)
DE9}*,+B:=9 �mMk> M <��J>_9 + CL6kw=<=CL6"2=*OR.64% �6 @ 9,pm*"* +

z � *;D,9��
Nielsen � Olesen

:=9E3!9En�9 �&:�� *!+B*;DE5&<#'q9�)z6;p4MmMXP

A = − 1

eρ
, |φ| = a.

� /h%0G&y��
1 C�>_9�pX6;:L6;p45;9,:=<4D 6;C * + DEM&DA5&)&*;P-9A@L9,p45;:=*&P^6;NEC=9E5;C=*&N�24*OR.6��

B = E = 0
�^<�2=:=9 +BDE576;)7R.62=:=6;)&<�� !�<�� <4w=p=<�)&6;p4MmMXP 5&9E*&:=<7>_9O%o(eDE:=9 + <43!5OM � ph6k+�6

ρ → 0
��:49E3]9An�9�+ *&DE5;<�'q9]@B6+'qC=<)z6Op4MmMhP

A =
B

2
ρ, |φ| = 0,

� /h%HG&l3�



� 
�� 
 � 	 �5���� � � � �5�� ����� �  � �5�� � 	�� G4$

D 68pm*&C=DA576;C45&C4<=P P^6;N,C49E5&C4<=P 2=*OR�9EP
B = Bez

�L<*�;9���9A@ 9Ep45&:4<=w=C=*&N!2=*OR.6��
E = 0

%
��6;pm* C4<7>_9^2=*�� C=6O5 9,N�� 6;p4576;C!6;CL67@L<45&<=w4p=<.*��O@ <=p

Nielsen � Olesen
:=9E3!9En�6��72=*&DEP^6O5&:L6^�L9,P *N 6o6;2=:=*&pmDE<=P^6O5&<4)&C=*qC=6oD @ 9 +B9	�L<�C=6 w4<=C#% !9 !�<=C=<43!<=P *q2=6;:L6;P 9A576;:

`
pm*A>_<|P 9E:=<|+B9��OR�<=C4M

vortex
:=9E3!9En�64% (i*��O@B6ODE5&<

0 6 ρ 6 `
�S6O2=:=*&pmD,<4P <=:L6(�L9EP *�2=*OR�9"@ 6%'qC4<=PF)z6;p4MmMXP *&P

� /X%0G&l�� �X+B*;p �L9EP *8N 6o)z6OC"5;9�*��O@B6;DA5&<�6O2=:=*&pmD,<4P <=:L6O5;<�2=:L6O)&<=PY)&6;p4MmMXP *&P � /h%0G&y�� 

0 6 ρ 6 ` : A =
B

2
ρ, |φ| = 0,

ρ > ` : A = − 1

eρ
, |φ| = a.

� /X%0G&`��

MJ9,2=:49,p=<X+ C=*&DE5 !JMXC=p=K=<7>_9
A(ρ)

�k6+"X5&9E)z6�+�6�P^6;NEC=9E5;C=*�2=*OR�9 � 6 +B*&)&*7R.6;)z6�:=9 @B6;K=< > M
B =

−2/e`2 %�(u@ <=P 9EDEM
` → 0

� :=9E3!9En�9"*��O@ <=pX6 �&9ED,pm*&CL6kw=C=* 576;C=pm9"DE5&:hMhC49?� �
B → ∞ ��67@L<

! @LMXpmD.P^6;NEC=9E5;C=*&N�2=*OR.6�k6k+B:�'q6;)z6�pm*&C=DE576OC45&C4M")&:49 +BC=*;DE5�� −2π/e
%V�6 +�68D,P *oD,2=:49,P C=<�+�6�<�� :L6kw4MXCL6OP *}5&9EC�� *;:�9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6�

Tµν = FµλF
λ

ν + (∇(µφ)(∇ν)φ)∗ − ηµνL,
N_+B9 DE9�2=*,+B:L6%�EMXP 9,)z6 D,<4P 9E5&:4<��k6;K4<7>?6 24* <=CX+B9EpXDE<=P^6�M � 6;N,:=6 +�6;P^64% 
;9 +BC=*&DA576;)z6;C :L6kw4MXC
2=*&pX6%�EM >_9|+�6�5&9,C#� *&:Q9EC=9,:4N,<7>_9��X<=P 24Mk@ D,6�C=9,DA576 >_9�)z6;C DE5;:4MXC=9��

T µν = 0
�k6

ρ > `
�^+B*&p MMXC4Mm5&:L673!n *&DE5;<��

0 6 ρ 6 `
�4<=P^6]+ <7>?6;N,*;CL67@B6;C"*��O@L<=p 

T 00 = −T 33 =
2

e2`4
+ λa4,

T 11 = T 22 =
2

e2`4
− λa4.

(x@L<=P 9,DAM
` → 0

� *&);*�:=9A3]9En�9|+�6;ph@ 9�<�� N?@L9 +�6�pX6;* �;9,D,pm*&C=6 w4CL6�576;C=pX6�DE5;:4MXCL6�w=<7>?6 D,9D,);9E5&DEpX6�2=*&)&:43 2=*&ph@ 6;2L6 D,6
t � z � :=6;)&C=<#% �J*&:=<4DE5&9	�L< 2L6;:=6;P 9E5;:=<��k6OK=<7> M

ξ0 = t
�

ξ1 = z
�pm*&*&:;+B<=C=6O5&C=<�)&9Ep45&*;:=<�D,);9E5&DEpm9"24*&)&:43!<�2=*&DA576 > M

uµ
0 = δµ

0

�
uµ

1 = δµ
3

� +B*&p�DE9�<=CX+LMhpm*&)&6;CL6P 9E5;:=<=pX6
γab

DE)&*,+B<�CL6
ηab

% �W<X+B<=P *"+B6�D,9o5&9,C#� *&:�9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6 P *�'}9 � 6;2=<=D,6O5&<�M*��O@L<=p4M � /h% $,T'��N_+B9�>_9
bµν = π`2T µν.

]6 �&<=DEP * +B*��&<X@ <]DE576%�&<h@ C=*�:=9A3]9An�9�5&<=2L6 DA5&:4MXC=9%�hP *;:L6;P * DE9�*;576;:L6OD,<45;<oC49,2=*�'�9 R�C=9�5&9EC �� < >_9WMJ5&:=6;C=D,);9,:�� 67@ C=<=P�2=:=6;)&K=<=P^6h% ]6 �;<=D,P * *&)&* 2=*&DE5;<=N?@ <�� �&<4:L6;P * DA@ *��;* + C=9�2L6O:L6;P 9E5;:=9Mq@B6ON,:L6;C#'q<7>?6OC4M�576;pm*]+�6�� 6 +B*&);*OR.6;)z6 > M})&9 �,M
λa4 =

2

e2`4
,

� /X%HT ���
CL6�*&D,C4*&);M8w=9EN 6

T 00 = −T 33 = 4/e2`4 2=:=9,*;DE576 > MopX6;*S>_9 +B<=C=9 C=9EC4Mk@L5&9 pm*&P 24*&C=9,Ch5&9 5;9,C��,*&:L69,C49,:=NE<7>_9$�X<4P 24Mk@ D 64%�V�6 +�6��LC=6O3
bµν +B*��&< >?68*��O@ <=p � /h%0/��3��D,6

mab = T ηab, T ≡ 4π

e2`2
.

� /X%HT=$?�
1 )&* >_9�576kw=C=*�*��O@ <=p�P^6;DE9,C=*&N�5&9EC�� *&:=6

mab pX* >_<J+B9�!�<=C=<43!9 Nambu � Goto
DA5&:4MXC4MB% M�6;:L6O)&C=*��D,);9E5&DEpX6 2=*;)&:43 �

t � z � :L6;)z6;C � �k6 + *&)&*OR.6;)&6�9 !�9,ph5&<=)&C49�>_9 +BCL6kw=<=C=9|p=:49E576On�6 DE5;:4MXC=9 � /h%0/;G3�$�3!5;*qDE9J@ 6;pm*}2=*;ph6+�,M >_9;%
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M�6;2=*&P 9EC=<=P * CL6 p=:L6 > M +�6">_9�6;24:=*&pmD,<=P^6OK=<7>?6.� /h%HG&`3�8M +B*��;:=*A>qD 6;N?@ 6;D,C=*;DE5&< D 6�6;CL6 �@ <#� *&P
Nielsen

6�<
Olesen

6 � $k`�� %�1 C=<�DEM 2=:4*&CL6O3�@ < *��O@B6ODE5�);:=9 +BC4*&DE5;< 2=6;:L6;P 9A576;:L6�pm*A>_<*&P *;NEM'� 6;)z6 > M|+�6}D,9!n�<#"&*&)&*
vortex

:=9A3]9En�9�);<X+B< pX6;*
Nambu � Goto

DA5&:4MXCL6h%�(jCL6O3]* > C=* �576;K4<7>_<��
λ ∼ e2 ∼ (a`)−2 � 1

� <
T ∼ a2 %�1 )&*"D,9qD @B6%'}9qpX6;pm*�D,6�)&9 � *&P � /h%UT �3� � 576;pm* <D,6�>_9 +BCL6kw=<4C=*&P � /h%UT=$J� %!V�249,K=<7>?6 @ C=*�� )&<m+B<=P *}+�6�pX6;2h@L<=C=N�pm*&C=DA576;C4576

e
P *&:=6��&<45&<�)&9E*&P^6)&9 @ <=pX6 � :=9 +B6

`−1 �^+�6��&<|*��&9 � �&9 +B<h@B68pm*&CL6kw=C4M�5;9,C��,<7> M|Mq@ <=P 9EDEM ` → 0
%1 )z6 >�2=:=<=P 9E:.24:=9 +BDA576;)OR.6�+B9,P *;C=DE5;:L6;K=<7> M�>_9 +BC=9^pm*&C=p=:49E5&C49�5;9,*&:=< >_9W2=*7R.6�pX* >?6SD,6 +B:�'}<p=<4C=p � :49E3]9An�9 M *��O@ <4p4MQDA5&:4MXC=9O% � 576;)&<43!9���MY2=<4576On M >_9

Nambu � Goto
5&<=2 P^6O5;9,:=<7>_9%�2=:49,P^6 ph@B6;DE<�!�<=pX6;K=<7>_< pX6;C=*&C4D,p=<#" *��O@ <=pX6 P^6;DE9,C=*&N�5;9,C��,*&:L64% � <4P 9 D,P *�2=*&pX6%� 67@ <Y+�65;9,*&:=< >_9�24*OR.6!pm*A>_9 D,6 +B:�'}9 p=<=C4p � :=9A3]9An�6�M}*��O@L<=p4M}DE5&:hMhC49�� 6;<=DA576o2=*;DE5&* >_9��=<}+�6]DE9 P *&NAM5;:=9E5;<=:L6O5;<�6;2=:=*;pXDE<=P^6O5;<=)&C=*�CL6JCL6kw=<=Copm*A>_<8D,P *�2=:=9A5&2=*&DA576;)&<h@L<#%PM�6O:L6;)&C=*��z* + N,*&)z6O:L6 > M'� 6p=<4C=p � :49E3]9An�6�576 +B6 �k6k+B*&)&*OR.6O)z6 > M.9 !�9,p45;<=)&C=9 >_9 +BC=6 w4<=C=9�p4:=9E576On�6�DE5;:4MXC=9�� /h%0/;G3� pm*A>_9 D,P *<��,)&9A@L<�M�*&2h3!5&9EPQDA@=Mhw=6 > MB%

� ��� ��
���� ���
�
� 	 ������� �������


;9 +�6OC 6OD,2=9Ep45"pX* >_<�+ *"D,6 +�6�C=<=DEP *q+B<=D,phMX5;*&)z67@L<|>_9
Lagrange

9,)z6�!�*&:=P Mk@B6OK=<7>?6�9 !�9,p �5;<=)&C=9|5&9E*&:=<7>_9%�W5A>E%�+B9 >_DE5;)&* pm*A>_9|:=9E2=:=*,+ MXp4M >_9�pX6;pm*�>_9 +BC=6 w4<=C=9"p=:=9E5767n�6 DA5&:4MXC=9"576;pm*�<NE:L6;C=<=w4C=9 M&D @ *&)&9 <#� )z6;:4<7>?6;K=<=*;C=*&N�24:=<=C=K=<42L64%���*;5;<=)z6;K=< >?6&�k6!:=6%� P^6O5;:L6On�9 *;)&*&N 2=<4576On�6>_9%��pX6;pm*�DEP *�*��A>?6;DEC=<h@ <"M|Mh);* +LM � '�9AR.6]+�6}DE9!2=*;)&9�'oM"N,9,*;P 9E5&:4<7>_D,pm9�DE5;:4MXp45;MX:=98pX6;*q3.5&*>_9!5;*&:��,<7>?6qD 6�24*&DE5OM @L<=:L6;C=<4P 6;Ch5&<=DE<=P 9E5;:=<=w=C=<4P 2=*OR�9EP
Bµν

pm*A>_9]D,9.*��&<=w4C=*�:L6%�,P^6O5&:=6qM5;9,*&:=< >_<"DA5&:4MXCL6 �Uy#�=l#�4`���$ �#��$&$�� %^1 );M})&9��EM�>_9�C=6;:L6;)&C4*�P *&NEM'�L9 C=6(�L<�MX2=*&:=9 �X<=)z6On�9EP *,+BNE* �)z6O:L6 > M'�L<#" >_9 +BCL6kw=<4CL6 p=:=9A576On�6��(�&9 �S2=*;5&:49 �&9W+�6 D,9 !�*&:=P Mk@ <43!9W+B9 >_DA5&)&* 5;9,*&:4<7>_9��X67@ < �;<h@ *
�&<]>_9 + C=*&DE576O)&C=<7>_9.<"9 @ 9,N 6OC45&C=< >_9]CL6 >_2=:49 !�*&:4P M @L<=D 6O5;<|+B9 >_DE5;)&*�6 �k6O5;<=PYN 68MX2=*&:=9 +B<45&<�D 6DA576;CX+�6;:;+BC4<=P 2=*&DA5;Mk@ <=:L6OC=<=P +B9 >_DE5&);*&P 5;9,*&:=< >_9.DA5&:4MXCL64%

]6 �&<=DEP * !�*;:=P Mk@ <=D 6 @ <�NEM&DA5&<=ChM�@B6;N,:=6;C�'}<7>?6;CL6qpm*A>?6�:49,2=:=*,+ MXp4M >_9�>_9 + CL6kw=<=C=9 � /X% /;G��
< � /h%0/h$J�$�=CL6 >_24:=9&�;<=:L6;P *8)z6;:4<7>?6��O@ 9�2=*opm*A>_<=P^6��L9�D,9�)&:43!<45&<�)z6;:=<=:=6On�9;%PM�6 >_2=:=<4:=*,+BC=<7>_<<�� �&*&:�>_9

xµ ��2=*&);3.5&*]>_9�5&*�D @LMXwL6 >�D,6"24*�� CL675&<=P 9�!�9,p45;<=)&C=<=P @B6;N,:=6;C�'}<7>?6;C=*&P DA@ *��&*,+BC=9w=9EDE5;<=K=9���6]*,+BN,*;)z6;:L6 > M'�L9 @��;:�� <=C490@8DEM
uµ

a

% ]6;ph@ 9�@ 6;N,:L6OC�'q< >?6;C�5&:=9��z6.+�6 �;M +B9 !JMhC4p=K=<7>?6*&);<#"]);9A@ <=w4<=CL6��m<]576;pm*��X9 24:=*&DE5;*&:=)&:49,P 9,C4D,pm9 P 9A5&:=<4pX9
gµν

% ��9 �XMm5;<=P �k>_9 +B<=C=<8CL6kw=<4C]+B6 D,9CL6O2=:L6;)&9^DEph6 @B6;:=<�*,+�*&);<#"�)&9 @ <=w=<=C=6 >_9 +�6 D,9^:L6+� P^6O5;:L6 @ 6;N,:L6OC�'q< >?6;C�5;<=2L6 Leff = Leff(γab)
�N_+B9�>_9

γab

!JMhC4p=K=<7>?6�
γab(u

µ
a , gµν) = gµνu

µ
au

ν
b .!<�!�9,:49,C=K=<4:L6;P *o@ 6;N,:L6OC�'q< >?6;C|ph6O*}<��,)&*,+ D @ *�'}9,C=9�!JMXC=p=K=< >_9�

∂Leff

∂uµ
a

=
∂Leff

∂γcd

γcd

∂uµ
a

= 2uν
dgµν

∂Leff

∂γad

.

v#6O5;<=PY:=6 +B<=P *o<=DE5;*o5;* � 6
xµ 

∂Leff

∂xµ
=

∂Leff

∂γcd

∂γcd

∂xµ
=

∂Leff

∂γcd

uρ
cu

σ
d (Γρσµ + Γσρµ) .

V�6 +B6�� 6;P 9En M >_9,P *o*&)&*]M
Euler � Lagrange

9,)&9W>_9 +BCL6kw=<=C49
∂a

∂Leff

∂uµ
a

− ∂Leff

∂xµ
= 0



� 
�� 
 � 	 �5���� � � � �5�� ����� �  � �5�� � 	�� G&G

<�+B*��&<7>?6OP * 
∂c

(

∂Leff

∂γcd

uµ
d

)

+
∂Leff

∂γcd

uν
cu

ρ
dΓ

µ
νρ = 0.

1 )&*�>_9J)&9,*;P^6]@L9,2|:=9��EMk@L576O5��&>_9,:"D,9�P *�'}9 +B<4:=9,p45;C=*}MX2=*;:=9 +B<h5&<�D,6 � /h%0/&/��W<h@L<�wL6Op � /h%'$&$J�A%
� 6OpX* � 6;phRSMXw4M >_9,P *�+�6�� C=9 �&<=DEP *S@L<�C=6O3.@ <.*,+BN,*&)&6;:L6 > M'�L<J@B6;NE:L6;C�'}<7>?6;C��k5;:=9 �z6�+�6 :=9A3]<=P *+B<�!�9E:=9,C=K4<7>?67@ C4M]>_9 +BCL6kw=<=C4M 

∂Leff

∂γab

=
√−γ mab.

��6;*�2=:=)&<}pm*&:L6;p��mDE9E5&<4P *]D,9�+�6�D,9 Leff
5&:=6;C=D !�*&:4P <43]9 ph6O*!D,pX67@ 6;:=CL6�NEM;DE5&<4CL6��=<8MX)&*,+B<=P *D,P 9EC4M|)z6;:4<7>?6��O@ < 

Leff =
√−γ I(γab, m

ab),N_+B9�>_9
I
C=9Eph6�<=C=)&6;:=<7>?6;Ch576 CL6O2=:L6;)OR�9ECL6�<=D,phRSMXw=<4)&*�* +

γab

<
mab % !<�!�9,:49,C=K=< >?67@ CL6>_9 + CL6kw=<=CL6!+B*��&< >?6oP^67@L*opm*&P 2X@ <=pm*&)z6;C4<7>_<�*��O@ <=p 

∂I

∂γab

+
1

2
γabI = mab.

� /X%HTm/��
1 )&*q>_9*� 6;2=:L6O)&*�D,<=DA5&9,PF*,+ C=9,pm*O@ <4pX* C=9 "&*&P *&NE9,C=<#" @ <=C49 6;:=C4<#" 2L6;:=K4<7>?67@ C=< "�+ <�!�9,:=9EC �K=<7>?6 @ C=<#" >_9 + CL6kw=<=CL6�24:=)&*&N�:=9 +�6 2=*|>_9 +BC=*A>J>_9 +B<=C=* > !JMhC4p=K=<7>_<

I
% ]6 �;<QD,<=DA5&9EP <4P^6;*:=9A3]9En�9%� P *&:L6 �&<45;< �k6k+B*&)&*OR�9EC�M&DA@L*&)}pm*&C#� <=DA5&9,Ch5&C=*&DA5&< 

∂2I

∂γab∂γcd

=
∂2I

∂γcd∂γab

.

�J*&:=<=DA5&9	�L< � /h%HTz/���*&)&*8D,9�DE)&*,+B<�C=68M;DA@ *&)��k6
mab 

∂mab

∂γcd

+
1

2
γcdmab =

∂mcd

∂γab

+
1

2
γabmcd.

 6+� P *;5;:=<=P *oD 6 +�6.+B)&6]DA@LMXwL6 >?6h%W\J:=);<�DA@LMXwL6 > 
mab C=9 �k6;)&<4D,<|*,+ γab

% (^DA@L*&)8pX*;C�� <=DA5&9EC45 �C=*&DA5&<�D,9�D,)&*,+B<"CL6�>_9 +BC=6 w4<=C4M 
γabmcd = γcdmab,pm*A>?6�C=9EP^6|C49E5&:4<=)&<7>?67@LC=*�:49E3]9An�9 �k6

mab % !:4MXN,< DA@LMXwL6 >  mab >_9 !JMXC=p=K=<7>?6 γab

%]\J*;3.5&*C=9EP^6]+B:hMhNE<#""5&9EC�� *&:=6oM�<=NE:=<�� CL6�*&DEC=*&);M|<=Cm+B9,pmD,C49!DE5;:4MXp45;MX:=9S>_9 +B<=C=6oP *&NAM'� 6}DE<45;M&6;K=<7>?6>_9�
mab = Cγab,

� /X%HTzG��
pm*A>?6�k6 + *&)&*OR.6;)&6!M&DA@L*&)qpm*&C��,<=DE5;9,C45;C=*&DA5&<#%

]6;ph@ 9)� 6;phRSMXw4M >_9,P * +�6�9�!�9,p45;<=)&C=< @B6;NE:L6;C�'}<7>?6;CQ24*&DE5;*A>_< D 6;P * � 6�DA@LMXwL6 >
Nambu �

Goto
*&)&9�DE5;:4MXC=9;% ]6 �&<=DEP *"*;)&*|2=:=*&)&9E:=<h@ < � � 6;P 9,C4<=P *S� /h%UTzG3� MT� /h%UTm/�� <�M&*;w=<=P *�+�6}+B< �!�9,:=9EC=K=<7>?6 @ CL6J>_9 +BCL6kw=<=C=6o2=*;DE576 >_9 "z*&P *;N,9,C=6�

∂

∂γab

(I − 2C) +
1

2
γab (I − 2C) = 0.



G;T � ��� ��� � 
��� ��������������	�� � ���

��*&P *&N,9ECL6�>_9 +BCL6kw=<4CL6�<=P^6]5&:=<=);<7>?67@ C=*o:=9A3]9En�9%�
I − 2C = 0

�=pm*A>_9%�=)&:L6(�L6On�9,P CL6�2=*&w=9A5&C4M)z6O:=<7>?6��O@=M �L24*&DE576 >_9 
Leff = 2C

√−γ.

1 )&*�>_9J576kw=C=*
Nambu � Goto

*&)!@B6;NE:L6;C�'}<7>?6;C#%
(QD @LMXwL6 > M]w49,DE5;<=K=9%�h<=P^6OP *

m = C/γ
pX6;*�6 Mm5&*&P^6O5;D,p4M]2=*&DA@L9 +B<=KhM >_9 + CL6kw=<=CL6Jp=:=9A576On�6��2L6SC=9EP^6;P * + :4MXN,*&NW<�� �&*;:L6 *;D,<=P Leff =

√
γ
�Opm*A>_<�*&2=9A5S+�6 >_9^M;*��&<=w=6 >_9,C=* +B9 >_DA5&)&* �k6Sw=9,DA5&<=KhM 

Seff =

∫

R

dξ
√

γ ≡
∫

R

ds.

� 6;pm*���M�DA@LMXwL6 > M�w=9EDE5&<4K=98C=9,P^6;P *qC=<=pX6;p=)&*;N]<�� �;*&:L6�pX6;pm*�CL6qC=<4)&*;M�>_9 +BCL6kw=<4CL6�p=:=9E5767n�6��576;pm* < CL6�C=<=);*;M +B9 >_DE5;)z64%���9��mMm5&<=P ��M�D @LMXwL6 > M�DA5&:4MXC=9%��2=*;DE5&* >_< D,6;P *
Nambu � Goto

*&);*+B9 >_DE5;)&*�� + *&p�CL6oC=<=)&*OM�>_9 +BCL6kw=<=C=6qp=:=9A576On�6q2=*&DA5&*A>_<�P *&NEM'�LC=*;DE5�<�� �&*&:L6]+�6
mab �;M +B9�<h@ <C=9 �OMk+ 9

Nambu � Goto
5&<42L64%^1 )&* C=6;:L6;)&C4* C=9 2=:=9 +BDE576O)OR.6J2=:=*��O@L9,P �k6�>_9 +BCL6kw=<=C=9 p4:=9E576On�6#�)&9	� C=9 + *&DE576O576Op )z6;:4<7>?6;K=<=*;C=*&N�P 9A5&*,+�6 pX6;* 2=:=<=DA5;MX2L6�pm*&C=DE5;:4MX<=D 67n MQ5&9E*&:=<7>_9O%-\J:=*&DA5&*:=9Ew=9,C4*��mpX*;C=K=9,2h5.<#� )&*��X9En�6�>_9 +BCL6kw=<=CL6Jp=:49E576On�6J<�� C49,pm*&N�+B9 >_DA5&)z6JC=9EP^6 +B*&)&*7R�C4M!*;243!5;*&DE5+�68*&P *&NAM'�L<�<#� )&*��X9En�9�>_9 +BC=6 w4<=CL68p=:=9E5767n�6}D 6�pm*A>_<=P^68D,9�*&) +B9�D,:=9	�L9,P *=%

� 5&*�D,9|5&<=w=9�N,:L6OC=<=w=C=< "YM;DA@ *&)&6�� � /X% /h$?� �WM
Nambu � Goto

*&);*&P-D @LMXwL6 > M D,9 � CL6�+�6 DE92=* >?6;)ORSM > M�576kw=C=*|pX6;pm*q5&:=9��z6�� 6 @ <�2=*;3.5&*�M�*&243.5&9,P D @LMXwL6 > M�C4<7>_9!P *&NAM'�L9!�*&:=P Mk@ <=D,6O5&<@B6ON,:L6;C#'q<7>?6OC��LC=<7>_9�P *&NAM;�=9�C4<�:L6+� P^6O5;:L6O5&<�N,:L6;C4<=w=C=9�M&D @ *&)&9O%
M�6"p=:=6 > M � )z6%'}C=*!>_9]+�6"24:=*&pm*&P 9,Ch576;:=<43!9,P *q>_*;3F>_9 +BC4M�DA5&)z6O:#% !*&pX6%�k67@L<�D,P *�C=9,24* �DA5&*A>?6On�9o@B6;N,:=6;C�'}<7>?6;CL6|5&<=2L6 Leff = Leff(γab)

% �"9��mMm5&<=P �^*&)z6 >J+B*&pX6%��C49�P *&:L6|+B6�)z6%'}<6;pm*"+ *�� )&*7@ <=P *�2=*;DE5&* >?6On�9q2=*;P *��LC=<#" )z6O:=<7>?6��O@L< M 5&9,*;:=<7>_<#%
Polyakov

R�9E)"@B6ON,:L6OC�'q< >?6;C
� 6|DA5&:4MXC4Mq>_9]5;<=2=<=w=6;C 24:=<=P 9,: �k6O*��&<h@B6+'�9En�6

Nambu � Goto
*&)&*&N.@ 6;N,:L6OC�'q< >?6;CL6�CL6�:L6kw4MXCMX)&*��X9En�6J9,pmDA5&:L6�)z6;:=< >?6��O@ <]M.5&9,*;:=<7> MB% ( 2=:=<4C=K=<=24M >_9�P *&NEM'�L9�+�6 DE9 C=9E3.5&*�DA@ <4w=C=*JMX:L6 +B<M�*;243!5;9,P DA@=Mhw=6 > M � 67@ < �k68D 6 +�6�C=9�2=*;DE5&* >_<|+B9�!�<4C=<45&<4)z6;C�*,+BNE*&)&*&:"CL6�*&)&*82=<h576On�9;%

! �� � *-(/2&(

(�2=*&N?@B6O)ORSM"/h%0/]D,P *o:L6%� P^675&:L67@L<�w=9EDE5&<4K4M ��pm*A>?6�D 682=:=*O5&*&pm*&PQ);:=9,P 9ECL6o*;2=<=DEM >_9�>_9 +BChM@ <4C=<7> M ��5A>E% >_9 +BC4* + <=P 9,C��,<=*&CL6 @ C4M P C=*&N,*;DE5&:hMhpm*&DA5�� M1
% M�6�*&)&* >�P C=*;N,*&DA5&:4MXpm*&DE5;< D,P *

MX)&9 @ <�pm*&*&:;+B<4CL6O5;M
ξ
� 576;C=N,9EC45&C4<�)&9,ph5&*&:

uµ ≡ uµ
0

<�<=CX+LMhpm*&)&6;C=<�P 9A5&:=<4w=p=<�5;9,C��,*&:
γ ≡

γ00
% �J*&:=<=DA5&9	�L< n�9EN 6��WP *%'q9EP *�+ 9 !�<=C=<=D,6O5&< < pm*&9�!�<=K=<7>_9EC45&9"pm*&C=9,pmDE<7>_9��

Γ ≡ Γ 0
00
��<5;*;5767@ C=< pm*&)z6;:4<7>?6;C45;C=< <�� );* + ∇0

%�1 D,<=P *&);*&N 6���24*A>?6;)&<=*qCL6;P D,9!P^6;D,9EC=<�5&9EC�� *&: � pX* >_< D,9M"*,+BC=*&DAM"CL6}:=9E2L6;:L6OP 9E5&:4<��k6;K4<7> M�@ <4C=<7>_9.5;:L6;C=D�!�*&:=P <43!9�ph6O*qpm*&C45;:L6;)z6;:4<7>?6;C45;C=<�5&9EC�� *&:+B:hMhNE*&N�:=9 +�6��
m ≡ m00 % 1 D,C=*;)&C=< :=9 �,Mk@L576O5;<��W9�!�9,p45;<=)&CL6}>_9 + CL6kw=<=CL6 p=:=9A576On�6V� /X% $&$?��<

� 6;pm*&C pm*&)z6;:=< >?6;C45&C4*&N]*,+B:�'q6On�6}P^6OD,9,C4*&N]5&9EC�� *&:=6 � /h%'$ /��$��P *&NAM�DE9 �k6 >_9 +BC=*�pm*&)&6;:=<7>?6;Ch5&C=*
� 6;2=<=D,6O5&<"M�*��O@ <4p4M ∇0(muµ) = 0

5 >E% ∇0(m
00uµ

0) = 0
5A>E% 

∇a(m
abuµ

b ) = 0,
N_+B9

a, b ∈ {0}.



� 
�� 
����� 	 � Gz[

� 6OpX*��X9���5&9EC�� *&:�9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6 pm*A>_< *&2=<4DEM >_9�w=9EDE5&<4K4M � � /h%0[�� ��P *�'�9,P * �k6;2=<4D 6O5;<�M*��O@L<=p4M�� 

T µν(x) =

∫

M1

dξ
√

γ mabuµ
auν

b

1√−g
δ(4)(x − z(ξ)),

N_+B9
a, b ∈ {0}.

\J:=<}5;*&P 9��hP C=*&NE*&DE5;:4MXpX*;DE5 M1
� �;M + M'�L<��&9ED,pm*&CL6kw=CL6.<�>_9 +BC4* + <=P 9,C��,<=*&CL6 @ CL63�WC4<7>_9�<=P^6 @B6N,:=6;C=<=K4M �

∂M1 = ∅ �m2L6�D,9 N,:=6;C=<=w=C4<}M&D @ *&)&<}C=<=DAM}24*A>?6;)&<h@L<#% V�)&9 *&)&9 >_9 +BCL6kw=<=C=9 DEM8P^6;C4< �!�9,DA5&C=*�pm*&)z6;:4<7>?6;C45;C=9 pX6;pm* M!*,+BC=*;DEM]C=6 +B<�!�9,*&P *;:�!�<�� P 9�24:=*&DE5;*&:=)&:49,P 9,C=6��
Diff(Σ×R)

�576;pm*q<�M�*,+BC4*&DEM|CL6.+B<�!�9E*&P *&:�!�<��,P 9.DE)&9E5;D,pm9�@L<=C=<7>_9%�
Diff(M1)

%(e2=*&N?@B6O)ORSM�/h%HG�D,P *|:L6+� P^6O5;:L67@ < DE5;:4MXC4M � pm*A>?6�D 6�2=:4*;5&*&pm*&P )&:=9EP 9,CL6|*&2=<4DEM >_9 >_9 +BChM2=*&);:43��;5 >E% +B);* + <=P 9,C��,<=*&CL6 @ C4M.P C=*&N,*;DE5&:hMhpm*&DA5�� M2
%CM�6 *&)&*A> P C=*&N,*;DE5&:hMhpm*&DA5&<oD,P *�MX)&9 @ <pm*&*&:;+B<=C=6O5&9

ξ0 ≡ τ
<

ξ1 ≡ σ
� 576OC=N,9EC45&C=9")&9Ep45&*&:49

uµ
a

< <=CX+ MXpm*&)z6;C4< P 9A5&:=<4w=p=<�5&9,C#� *&:
γab

% �J*&:4<=DE5;99�L< n�9,N 6#� +B9�!�<=C=<=D,67@ < D,P * < pm*&9�!�<4K=<7>_9,Ch5&9�pm*&C=9,pmDE<7>_9��
Γ a

bc

� <Q5&*O5767@ C=<pm*&)z6;:4<7>?6;C45;C=<!<��,)&*,+ ∇a

% 1 D,<=P�*&)&*&N 6��72=*A>?6O)&<=*SCL6;P�D,9�P^6;D,9EC=<.5;9,C��,*&:��&pm*A>_<�D,9^MJ*,+BC=*&DAM�CL6:=9E2L6;:L6;P 9A5&:=<#�k6;K=< > M}@ <=C4<7>_9 5;:L6;C=D�!�*;:=P <43]9�ph6O*!pm*&C45;:L6;)z6;:4<7>?6;C45;C=<�5&9EC�� *&:}+ :4MXN,*&N :=9 +�6#�
mab %�1JDEC=*&)&C4<�:=9��EM @=576O5&<��L9�!�9,p45;<=)&CL6 >_9 + CL6kw=<=CL6]p=:49E576On�6 � /X% /;Z��^<�� 6;pm*&C�pm*&)z6;:4<7>?6;C45;C=*&N*,+B:�'q6On�6]P^6;DE9,C=*&N�5&9EC�� *;:L6 � /h% /;[�� �=DE9 �k6 >_9 +BC=*opX*;)z6;:=<7>?6OC45&C=*��k6O2=<=DEM > M�M�*��O@ <=p4M 

∇a(m
abuµ

b ) = 0,
N_+ 9

a, b ∈ {0, 1}.
� 6OpX*��X9�� 5&9,C#� *&: 9,C=9E:=N,<7>_9��X<=P 24Mk@ D,6Ypm*A>_< *&2=<=DAMk>_9 DE5;:4MXC4M � � /h%0/;`3�$� P *�'}9�D,9 �k6O2=<=D 675&< M*��O@L<=p4M 

T µν(x) =

∫

M2

d2ξ
√−γ mabuµ

au
ν
b

1√−g
δ(4)(x − z(ξ)),

N_+B9
a, b ∈ {0, 1}.

\J:=<�5;*&P 9�� P C4*&N,*&DA5&:4MXpm*&DA5 M2
P *�'q9 � P^6k+�6�C=9}P *&:L63�J<=P^6O5;< N,:L6;C4<=K4M �

∂M2
� 2L6�DAM�DE92=*A>?6O)&<h@ <|N,:=6;C=<=w=C4<�M&D @ *&)&<S� /h%0/h$J� 

√−γmabnbu
µ
a

∣

∣

∣

∣

∂M2

= 0.

��*&)&9�>_9 +BCL6kw=<=C=9�DAM�P^6;C=<�!�9EDE5;C=*}pm*&)&6;:=<7>?6;Ch5&C=9JpX6;pm*�M�*,+BC=*;DEM�C=6�+B<�!�9,*&P *;:�!�<�� P 9�2=:=* �DE5;*&:=)&:49,P 9,C=6��
Diff(Σ × R)

�.576;pm* < M *,+BC=*&DAM CL6 +B<�!�9E*&P *&:�!�<��,P 9�D,)&9A5&D,pm9 2=*&)&:h3]<��
Diff(M2)

%
��6;* 3!5&* D,9�)&<X+ <��J6�ph6OpX* D,P * < 2=:=*&pm*&P 9EC4576;:=<=D,67@ < C=6 p=:=6 > M 2=*&N?@ 6;)OR.6 /h%HG���DE)&9*&)&9!>_9 +BCL6kw=<=C=9"DEM MX2L6k+LR�<=)&* )���/^���,�0/���� � ���?� )O+O& ��<Y*;)&*�C=<7>_9|DA@LMXwL6 >_C=*&DE54% �J*&C=p=:49E5&C4*��

50� ��)*�!&724&��	� )*+,&���<�� P 9 �XM}D,)&6;pm9�*,+"*&)&< " >_9 +BCL6kw=<4CL6&�k6.w=9,DA5&<=K4M}<�*,+BNE*&)z6;:L6 > M;�=9 �k6�DE5;:4MXC4MD 6ODE5&* >_< D,9�M �4)*"������9)=�J�!&^� �=����/0) "n��� �^����/R2 1*+*���0/�) pm*A>_*&P D,9�*&2=<=DAM >_9�p=:=9A576On�9�� 3.5&*QDE92=:=9EC=*&DE<�CL6 �;:=*A>�C49��k6O)&<=D,C4<#"�pm*&*;:&+ <=CL6O576�CL6�n *A>�*,+BC=*&DEC=* �;:=*A>�:=6%�E@ <4w=<45&< " )&:=9 +BC=*&DA5&<
� 
QZ6m	qJcJh?]Ct^cJ\^cRfpZ fpZieJ_ ;6cJm	cJb	\J_o[�Z 8CcJ\Jc^m8\^]�H

γ00 > 0
H	e^]�fpZFm�]	hJb9]ocN[(Z�m8Z6q^j*c^\^]8\JmR]BH

γ ≡ det[γ00]
r�� �	_ Km8_ KY]�9 c�;�q^]"; 9 ;%] m8Z6\B;6_	qHZ6\JZ�q�K6cRfpZ %0c^j*eB9�t�a6]`a6m8_Yfpc √

γ
9?j*Z%aYm8_ √−γ

r 6 b	_ofpZPeJ_0a t^ZY[(cJs^] u c�� Z�\JcJsJZ [�]CfpZj*\J_ K6_9a6m8q�9�h�_9a6m
M1

fpZY[(\J_%[(c^j*Z�\�;6c^_	\^]8t^\^]�H?e(]N\(] �F_Yf�\JZ�j ]9j*_�e^q^]8b0]8s^]�eJqJ_0aYm8_9qJ\J_ Kom	cJe^]Jr
	�X	ZY[(cJ\^]N[�_�\(] [�Z6mR]@LCZn_	h�_ aYc�K�\^]8m"9�qJZ j*Z�m8qJc u h0_ Knm8Z6\B;6_	q(]Jr



G&Z � ��� ��� � 
��� ��������������	�� � ���

pm*A>_9�*,+BN,*;)z6;:L6 > M'�L< <=CX+ 9,pmD,< P *&NEM <4P^6O5&<#% \J:=<=:4* + C=* DE9�CL6;P 99�=9 24<4576On�9�+�6�@ <��L9�D,9<=DA5&9�*&)&6;p=)&9 >_9 +BC=6 w4<=C=9o+B*��&<45&<�<�MXpX*7@ <=pm*�MXP 9,DE5;*�DE5&:hMhC49�2=*&D,P^675&:L6;P *�P 9,P �&:L6OC4M � <h@ <*&2h3!5&< >_9��
p � �&:L6;ChM�%�1 +BNE*&)&*&:�>_9 2=*;5;)&:;+�6;C��=<�<4DE5&<|2=*;DE5;MX2L6Op"pm*A>_<4P DEP *�<�� );9A@ <.>_9 +BCL6kw=<=C=9� 6}w=9EDE5&<4K4M�<�DE5;:4MXC4M�P *%'q9�D,9�D,24:=*&)&9EDE5&<�CL6}<X+ 9,C45;<=wL6;C�C=6 w4<=C�<|+ *��&<45;<�<=DA5&<�:=9 �,Mk@L576O5

� C=99�L9EP *�9EpmD,2h@ <4K=<45&C4*"+B9,P *;C=DE5;:=<=:L6O5;<�*&)z6 > *;243!5;<�DA@=Mhw=6 >��4>_9,:�C=9,P^6|2=*;5;:=9 �;9?�A% � 6;pm*��h9%�P *�'}9JD,9�)&<m+B9E5;<|+�6 ���R"P&�������),$�2F� �R1(��/9&;/9& :�� 24:=<�24:=9A@B6OD,p4M|D,6oDA5&:4MXC=9.CL6
p � �;:L6;C4MB%!:4MXN 6�)z6%'}CL6}*&DE*��&<=C=6qCL6�pm*A> M"5&:=9��z6�D,p=:49,C4Mm5&< 2L6%'on M!>_9]w=<hn�9,C=<=K=6o+�6}M�2=*&DE5OMX2=p4M<��,)&*��X9En�6�*&);<#" :=9��EM @=576O576 �4)*"��R���9)�5	&A-�2F����/^�	2 �?2i�R"��R� &#�

D = 4
� �*) � �o� ��� ) ��24& 1���� �81 �*&DE<=P 3.5&* !�<4NEMX:=<43!9.M

δ
!JMXC=p=K=< >_<�M�p=:=6 > n�9,P :=9��EM @=576O5;M*�k6�5&9EC�� *&:�9,C=9E:=N,< >_9$�X<=P 2hM @LD 64%

!:4MXN,<4PQ:=9,w4<=P^6��L<|M�*&)&*&P D,P 9E:4M|D,9�:=9 �,Mk@L576O5;<�P *&NAM|2=:L6;)&*7@ <=C=<7>_DEp=<|M&*&243.5&<45;<#%
�J*&P 2h@ 9A5&C=*&DA5&<}:L6 +B<��;+�6Oph@ 9��mCL6O)&9 +B<4P *.:=9 �,Mk@L576O5.M �J- � /(��" ���;14E�&�5�1 +32F�0/9&(GH&

p
IY�	2�&(���

1
D
I �4)*"��R���9)��J� &^� ���J" -�2F����/^�	2 �?2i�R"��R�'1#% M�9EpX6�2=:=*&DA5&*&:4)&:=9,P 9�<=P^6 5&*;2=*O@ *&NE<7> M

Σ × R
�N_+B9}>_9

dim Σ = D − 1
% MJ9,pX6�D,9�M n�9EP MYp=:499�L9

p � �&:L6OCL6�� *&2=<4DEM > M'�L< 2=:=<45;*&P DE)&9E5;D,p4M
"h<=2=9E:=2=*&);:43 Mp+1

�0>?6;D,C4*��#2=:=9A5&2=*;DE576;)OR.6|D,9.+B6�>_9
D > p + 1

� % ��<=2=9E:=2=*&)&:h3F>_9&�k6 +�675762L6O:L6;P 9E576O:=D,p=<4Pj>_9 +BCL6kw=<=C=6;P^6
xµ = zµ(ξa)

% (�CL6 >_C4<�'q* >��
single-pole

6;24:=*&pmD,<=P^6OK=<7>_<��pX6 +�6 >_9 �&:L6OCL6!<X+B9,67@ C=*!2hR *;D,CL6O576#�4*&)&9 2L6;:L6OP 9E576;:=DEpm9W>_9 +BCL6kw=<4C=9 D,9S+B*��&<7>?6 > M8ph6O*]:=9E3!9En�69�!�9Ep45&<4)&C=<#"�>_9 + CL6kw=<=CL6op=:=9E5767n�6
p � �&:L6OC=9�

∇a(m
abuµ

b ) = 0,
N_+B9

a, b ∈ {0, 1, . . . , p}, µ ∈ {0, 1, . . . , D − 1},
< )z6+'q< �k6;pm*&CQpm*&)&6;:=<7>?6;Ch5&C=*&N *;w4MX)z6On�6 9�!�9,p45;<=)&C=*&N

(p + 1) � +B<=P 9EC�� <4*&CL67@ C4*&N�5&9EC�� *;:L69EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6 �&:L6;C=9 � 5�� )4%�P^6OD,9,C4*&N�5;9,C��,*&:L63� 
∇am

ab = 0.

1 D,<4PF*&)&*&N 6���MXpX*7@ <=pm* P C=*&NE*&DE5;:4MXpX*;DE5 Mp+1
<=P^6 N,:L6OC=<=K4M �

∂Mp+1 6= ∅ ��P *&:L6 > M �&<45&<
� 6 +B*&)&*7R�9,C=<"N,:L6OC=<=w=C=<"M&D @ *&)&< 

√−γmabnbu
µ
a

∣

∣

∣

∣

∂Mp+1

= 0,

+B*;p�>_9 � 24:L6;)&<��42=:=*&DA5&*&:=);:=9,P 9EC=D,p=< � 5&9EC�� *&:�9,C=9E:=N,< >_9$�X<=P 2hM @LD 6
p � �&:L6OC=9 +�6O5opX6;* 

T µν(x) =

∫

Mp+1

d(p+1)ξ
√−γ mabuµ

au
ν
b

1√−g
δ(D)(x − z(ξ)).

\J:=*&pm*&P 9,Ch576;:=<43!<=P *�CL6 p=:=6 > MW>_*;3 <J5&*�+�6 D,9 <�M *;)&*&P|*&243.5&9,P�DA@LMXwL6 > M�P *%'q9 MX:L6k+B<45&<ph@ 6;D,<�!�<=pX6;K4<7>?6�ph6OC=*&C=DEp=<#"�5;<=2=*&)z6�P^6;DE9,C=*;N 5&9,C#� *&:L68<=DA5&*8pX6;*]M�D @LMXwL6 > M�DA5&:4MXC=9%� 67@ <q+�6DAM�:=9 �,Mk@L576O5;< DE)z6;pX6;pm*}+B:4MXN 6kw=<7>_<#%�(j);99�L9EP �&:4*A> M�+B<=P 9,C#� <7>?6�� P^6OD,9,C4<�5&9,C#� *&:�<=P^6�)&<h3]9C=9 �k6;);<=D,C=< "]2L6O:L6;P 9E576O:L6��&2L6 >_9��;:=*A> P *;NEM'�L<#"!:L6%�A@ <=w=<45;<#".5&<=2=*;)z6 P^6O5;9,:=< >_9�D,)z6Oph6OpX* )&99�=<#%
W�� �C_Yfg]	b9] K�q^]8\Jc u \Jc?d 90a t^_9b9]�H*h�_Yfpc<a 9��	cJt^c�hJb0]Rt^c^m�]	m8cJb9\J_H\J_9bHqJZ ;I9%t^mR]8mBH=eJqJc eJqJZ6t(]	a6h�9 a6] u Z�a6m8cJsJZ\^]<aYm8q�9�\�9 eJqJZ [�aYmR]8bGLC] aYeJZ�sJcB8Cc u \^_9aYmKfpZ [�\J_%[(c^j*Z�\�;6cJ_9\^]Rt(\JZKj*\J_ K6_0aYm8q�9�h�_9a6m8c M1

h�_Yfg]�eJqJ_0aYm8_<\JZ�j ]
K6q^]	\JcJs�9�r �CqJc q^]";%j ]8m8q(]��N9 b9c�
PZY[(c^j*Z6\B;6cJ_9\^]Rt^\^c?d<j*\J_ K6_0aYm8q�9�h�_9a6m8c � e^_ u Z�b�_%[ M2

H�m fYr _%[ a6m8q�9�\JZ �>H_	b0]8hJb9c?d#aYeJZ�sJcB8Cc u \J_9a6m8c b	c�
NZo\^Z�j ]Jr
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(-*;)&*&PY:=6 + M|D,P *o:L6%�,P^6O5&:=67@ <"+B<4CL6;P <=p4M|:49A@B6O5;<=)&<=DA5&<=w4p=<#"�P^6O5;9,:=< >?67@ C=<#"�DA5&:4MXCL6}M
�k6Op=:=<=)OR�9EC=*&Pj24:=*&DE5;*&:=)&:49,P 9,ChM�% 
h9E*&P 9E5;:=<7>?6�24:=*&DE5;*&:=)&:49,P 9,C=6">_9

Riemann
*&)&6���*&24<=D 6;C=6P 9E5;:=<=w=p4<=P�5&9EC�� *&:4*&P pm*A>_<}DE9�+B*��&<7>?6�pX6;*�:=9E3!9En�9

Einstein
*;)&<#" >_9 + CL6kw=<=CL6�*&243!5;9 5;9,*&:=< >_9:=9 @B6O5&<4)&C=*&DA5&< M�24:=<=DEM;DE5;);M C=9Ep=<#"�2=*OR.6}P^675&9,:4<7>_9;% �J*&C4p=:=9E576OC *��O@ <=p"@B6;N,:=6;C�'}<7>?6;CL6��k62=*OR.6�P^6O5;9,:=< >_9.2=:4<45&*&P C=<7>_9�2=:=9EK=<�� <4:L6;C#%\J:=9E5;2=*&DE576O)OR�9,C=* >_9��4P 9��mMm5&<=P �4+�6 >_9 +BCL6kw=<=C=9�p=:49E576On�6�2=*OR.6]P^675&9,:4<7>_9J<=P^6 > Mq:=9E3!9En�6M�*��O@L<=p4M�DE576%�&<h@ C=< "�p4<=C=p � pX*;C�!�<=NEMX:L6;K4<7>?6�� pm*A>_9oD,9oP *&NEM 6O2=:=*&pmD,<4P^6O5&<=);C=*�2=*&DEP^6O5&:=6O5&<pX6;* 576kw=pX6;DE5;9 � w=9,DA5&<=KL6�� � @ <4C=<7>_D,pm9 � DA5&:4MXCL63��<h@L< );<43]9 +B<=P 9,C#� <=*&C=67@ C=9 � �&:L6OCL63�A%	�J<hR:L6%�,P^6O5&:=6On�6oDAM ��
 ��+�/�)������n50�D�4�!&3E�)*���7+32F�0/9&(GH&�*&)&<#"|p4<=C=p � :=9E3!9En�64%��9E5;*,+�pm*A>_<=P DEMq*&)&9J9 !�9Ep45&<=);C=9�>_9 +BCL6kw=<4C=9�p=:=9E5767n�6o<��,)&9 + 9,C=9�pX6;*8*&D,C4*&)&C4Mq<X+B9 > M�pX* �:=<=DA5&<

Mathisson � Papapetrou
*&) P 9E5;*,+ � $ / ��$kG�� � 6�DA@LMXwL6 >�576kw=pX6;DA5&9�w49,DE5;<=K=9O%��9E5;*,+ >_9

!�*&:=P^67@L<�� *&)&6;C�pm*&:4<43L�L9An�9,P :L6+� )&*A>?6�5&9EC�� *;:L6}9EC=9,:=NE<7>_9$�m<=P 24Mk@ D 6�P^675&9,:4<7>_9.M�:49 +�24*}<�� �)&*,+B<=P^6
Dirac

*&)&9
δ
!JMXC=p=K=< >_9��4N_+ 9 D,9

Papapetrou
*&)&<}P *&P 9,Ch5&<!>?6;)OR.6 > M]ph6O*]pm*&9 !�<=K=< >_9,C45;<M.:L6%� );*A> MB%^1 )z6 !�*&:=P^67@L<��k6;K4<7>?6�>_9�*&P *&NAM'�L<h@B6 pX6;pm*�P^6;C=<�!�9EDE5&C4*�pm*&)&6;:=<7>?6;Ch5&C=*J<��,)&*��X9En�9>_9 + CL6kw=<=CL6|p=:=9A576On�6�� 576;pm*�<�M&*&2h3!576;)z67n�9oD,6;P *&N8P 9E5;*,+�6�CL6�D @LMXwL6 >_9,);9opm*A>_< C=<=DAM�576kw=pX6 �DE5;9 pm*&C�!�<4NEMX:L6;K=< >_9�2=*OR.6#�z)&99�}9,pmDE5;9,CX+ <=:L6;C=9�2=*�>_9 +BC=* >^<h@ <o)&<43!9 24:=*&DE5;*&:=C=< "]+B<=P 9,C#� <7>?6

� DA5&:4MXC=9%�
p � �&:=6;C=9?� % 9 �,Mk@L576O5;9 P *�'q9EP * DAMXP <=:L6O5;< CL6�DA@ 9 +B99�L< CL6kw=<=C#% M�6 >_24:=9q>_9��JpX6;*�+B9,P *&C4DE5&:=6;K=<7>?6

!�*&:=P^67@L<�� P^6���<�� );9 +B9ECL6�9 !�9,ph5&<=)&C=6�>_9 +BCL6kw=<4CL6�p=:=9A576On�6 �k6}576kw=pX6;DA5&< p=<=C=p ��M"CL6 >_C=<#'q*A>��
single pole

6;24:=*&pmD,<=P^6OK=<7>_<#% !*��&<7>_9ECL6�>_9 +BCL6kw=<=CL6.>_9�Mh24:L6;)&*�NE9,*,+B9��,<7>_D,pX6!>_9 +BC=6 w4<=CL6��#pX6;*3!5;*.>_9.<�2=*�� C=6O5&*�<#��� $kG�� % v#675&<=P >_9&!�*&:=P^67@ <#�k6;PYM"<=DA5&*A> 6;24:=*&pmD,<=P^6OK=<7>_<�2=:4<=P 9En�9EC CL6p=<=C4p�M�*��O@ <=phM�DE5;:4MXC=9���<�<�� );9 +B9EC=9}DAM�9�!�9Ep45&<4)&C=9 >_9 +BCL6kw=<4C=98p=:=9E5767n�6�� ph6O*"< *,+B:49��X9,C=<N,:=6;C=<=w=C4< M&D @ *&)&< � pm*A>_9 p4:L6 >_9,);< DA5&:4MXC=9�P *;:L6 > MY+�6 �k6 +B*;)&*OR�9�� Mhpm*O@L<=pm*Q2=*&DA5&*A>_9�� �JpX6;*
N?@B6;);C=<�:49��,Mk@L57675=%v#6�:L6%�A@ <=p4M *,+ w=9EDE5;<=K=9�� M�>_9 +BCL6kw=<4CL6;P^6�p=:=9A576On�6�< NE:L6;C=<4w=C=<=P M&D @ *&)&<=P^6�� 6|D @LMXwL6 >DE5;:4MXC=9�24*A>?6;)ORSM >_9|D,9 ��
 ��+�/�)����*) ���,�6�4)O"��R���	)��J�!&^�*�*) /(�����J�82 �R��� 2 �0)050�

�

)*"n-'1����	& +*)*�O+O& �5��,)=%^P^6;D,9EC=<|5&9,C#� *&:
mab �Lpm*A>_<!>_9Jpm*&)z6;:4<7>?6;C45;C=*}*;w4MX)z6;C�� 67@L<"<4CL6kw=9�2=:=*&<��,)&*OR.6;C�% ��6%'}CL62=*&D @ 9 + <=KL6S>_9Sw=<4n�9EC=<=KL6 +�6�D,9 pX*;P 2=*&C=9EC45&9 *;)&*&N 5&9EC�� *&:=6.C=9 P *&NEM89 @ <=P <=C4<=D 6O5;<�<�� >_9 +BCL6 �w=<=C=6]p=:=9E5767n�6824*&N,*,+BC=<4PY<�� �&*&:=*&P�pm*&*&:;+B<4CL6O576��LpX6;pm* >_9 �&<h@L*�P *&NEM'�L9 MqDA@LMXwL6 > Mqw=9,DA5&<=K49;%\J:=*&<��,)&*OR�C=*;DE5�M�<�� �&*;:4M�P^6;DE9,C=*;N!5&9EC�� *&:=6]>_9]P *O5&<=)&<4D 67@B6�:L6+� P^6O5;:L6On�9!n�9EN,*&)&< " pX6;C=*&C �D,p4<#" *��O@L<=pX6 < ph@B6OD,<�!�<=pX6;K=< > M P *&NEM'�L<#" 5;<=2=*&)&6 P^6O5;9,:=< >_9 *,+ pm*A>_<#" DE9 DA5&:4MXCL6 P *�'}9D 6ODE5&* >?6O5&<#%  9��EMk@L576O5�>_9q+�6�2=*&DE5;*A>_9|5&:=<Q*;D,C=*&);CL6 !�<��,<=w=p=< :=9A@L9,)z6;Ch5&CL6 5;<=2L6 P^6O5&9E:=<7>_9

� P^6;D,9ECL6�DE5;:4MXCL6�� �&9 � P^6;DE9,CL6�DE5&:hMhC=6�<
Nambu � Goto

*&)z6"DE5;:4MXCL6�� +B*&p�*&DE5767@L<�pX6;C=*&C=DEp=<*��O@L<=K=<"* + N,*&)z6O:L6 > M�C=9�!�<�� <=w4pX* >�� 576 "4<4*&C=D,pm*A>SP^6O5&9E:=<7>_<#%
v#6O5&<4P DEM�:L6+� P *;5;:=9,CL6�+B)z6|2=:=<=P 9E:L6�pm*A>_< :=9 6 @ <��,M > M pm*&C=p=:49E576;C�<#� �&*&: P^6;D,9EC=*&N85&9EC �� *;:L64% \J:=);< D,9.5;<=w=9�P *&NAM'�LC=*&DA5&<�C=9 "&*&P *&NE9,C=9!+B<=DA5&:=<��;MXK=<7>_9�P^6O5;9,:=<7>_9.+LM 'xDE5;:4MXC=9��#3.5&*>_9.+B9EP *&C=DE5;:=<=:L6OC=*�M�9,pmDE5;:=9,P C=*;P DA@LMXwL6 > M�ph6k+�6.>_9]D,)z6�P^6O5;9,:=< >?6"DA5&:4MXC=9opm*&C=K=9EC45&:=<4D 6;CL6M�>_9 +BC=*A>]576 w4p=<YCL6 DA5&:4MXC=<#% � � )&9 +B9,C=9"DEM�9 !�9,p45;<=)&C=9]>_9 + CL6kw=<=C=9"p=:=9A576On�6 *&);9�576 w4pX9%��<2=*&C4*&)&*�+B*��&< >_9,CL6�N,9E* + 9�� < >_D,pX6 >_9 +BC=6 w4<=CL6�� 3.5&*Y24:=9 +BDA576;)OR.6 2=:=*&)&9E:4M pm*&C��,<=DE5;9,C45;C=*&DE5;<2=*&DA5;MX2=pX6 : : % !:4MXNE< 2=:=9 +BDE576O)OR.6 +B9EP *&C=DA5&:L6;K4<7> M�>_9 +BC=9 pm*&C=p=:49E5&C49�5&9E*&:=<7>_9 2=*OR.6�pm*A>?6

W W�
C_	\�;�c^aYm	Z6\Jm8\^_9aYmaYZ a6]9aYm8_6fpc+9�eJc^m�]��9�[�] t(c<a6Z7a6m8q�9�\^]Lj ]Rt^c?d[�c^j*Z6\�;�cRfg]LhJqJZ	JZ e^qJc��8t(c?kl\J_h�]	_
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D,6 +B:('q< p=<=C=p � :=9A3]9En�6 M�*��O@ <=phM�DE5&:hMhC49;% (iC=6 >_N,:4M �OR�*A>86;2=:=*&pmDE<=P^6;K=<7>_<�>_9�<��,:L6kw4MXCL6O5P^6;DE9,C=<�5;9,C��,*&: �k6
Nielsen � Olesen

*&)&*
vortex

:=9E3!9En�9 >_9 +BCL6kw=<=C=6|24*OR.6 � 6qD,pX67@B6O:=C4M�9 @ 9,p �5;:=*,+B<=CL6;P <4p4M
Higgs

*&);*&N�5;<=2L6��;<]2=*&pX6%� 6;C=*^>_9 +�6 *;C=*�<=P^6 *&D,*��&<=C=9
Nambu � Goto

*&)&9^DE5;:4MXC=9;%
�S<=P 9�>_9�+B9,P *;C=DE5;:=<=:L6;C=6}*&2=:=6;)7+�6;C4*&DE5

single pole
6O2=:=*&pmD,<4P^6;K=<7>_9��k68DE5;:4MXC4M : � %

M�6;pm*&C :L6%�,P^6O5&:L67n�6�*&)&<#"�2=:=<=P 9E:L6��^CL6;2=:=6;)OR�9,C�>_9�*;D,)&:45�C=6�2=*&p4Mm3�6 > !�*&:=P Mk@B6OK=<7>_99�!�9Ep45&<4)&C=*&N"+ 9 >_DE5;)z6�pm*A>_9*�&<Y:49,2=:=*,+ MXpm*&)z6 @ *�9 !�9Ep45&<=);C=9o>_9 + CL6kw=<=C=9�p=:=9E5767n�6 DE5;:4MXC=9 <NE:L6;C=<=w4C=9"M;DA@ *;)&9*� 6 *&243!5;<YD @LMXwL6 >8P^6OD,9,C4*&N�5&9,C#� *&:L6h% (�ph6+�k6;C=*�>_9�CL6�5&9A3]pm*��L9�pm*A>_9|D,95OM8>?6;)7R.6 > M|<|+B9EP *&C=DA5&:=<=:=6;C=*!>_9�+�6oD,9.9 !�9,p45;<=)&C=<�@B6ON,:L6;C#'q<7>?6OC�C=9.P *�'q9 !�*&:=P Mk@ <=D,6O5&<
�&9 �|Mh24*;5&:=9��&9|2=*&P *��=C=<#"�)z6O:=<7>?6��O@L<�M 5&9E*&:=<7>_<��Wpm*A>_9�C=<=DAM�M + M("XM�w=<=DA5&* N,9E*&P 9E5;:=<7>_D,pm*&N2=:4<=DE5OMh2=64%

M�6;2=*&pm*&C��Xw=<4576O)�2=*&DE5OMX2L6;p�<��,)&*��h9An�6!9 !�9Ep45&<=);C=<#".>_9 +BCL6kw=<=C=6]p=:=9E5767n�6!M&*&243.5&9EC]>_9 CL6D @LMXwL6 >
p � �;:L6;C=9�M D � +B<=P 9,C#� <=*&C=67@ C=*&P�2=:4*&DE5;*&:=)&:=9EP 9,C4MB%N
;9 + CL6kw=<=C=9Sp=:=9A576On�6 <8N,:L6OC=<=w=C=<M;DA@ *&);< <=P^6 > M <X+B9EC45&<=w=6;C�*��O@ <=p�ph6O*�M DA@LMXwL6 > M w=9EDE5&<4K=9�<�DE5;:4MXC=9��^Do5&<=P +�6�>_9qP^6;DE9,C=<5;9,C��,*&:�D,6 +�6

(p + 1) � +B<=P 9,C#� <=*&C=67@B6;C�� 2=6|D,6 +B:�'}<�P C=*&NE*");<43]98C=9 �k6;)&<4D,C=<#" 2=6;:L6;P 9A576;:L64%� * <=P^6 � 6 2=*&DA@L9 +B<=KhM�P C=*&N,*�)&9	�L<�)z6;:=< >_9E5&9A5�M 5&<=2=*;)&<=P^6�P^6O5&9E:=<7>_9|*,+ pm*A>_<#" D,9�P *�'}9D,6;DE5;*A>?6O5&<
p � �&:L6;CL6h%M�6�p4:L6 > M ��:L6+� P *;5;:=<=P * P *&NEM'�L9"2=:L6;);K=9q+�67R�<#"�<4DE5&:=6%'q<4)z6On�64% 1 C=< D,9|P *&NEM�N,:4M �&*2=*,+B9 @ <45;<�M�w=9A5&<=:=<�N?@B6;)&C49.NE:4MX2=9;%

• 
h9,C49,:L67@L<��k6;K4<7>?6�CL6 D @LMXwL6 >}NE:L6;)&<4576OK=<7>_9�D,6 5&*&:#� <7>_*&P % (dD @LMXwL6 > M pX6 +�6�24:=*&DE5;*&: �);:=9,P 9 *&D,<4P�p=:=<=);<=C=9 D 6 +B:('}<q<85&*&:#� <7> M �424*&DE5;*A>_<q<��,:L6%�,<4576]C=9 >_9 +BC=*��,CL6kw=C=*&DA5]M82=:=9 �+ <=p=K=<7>?6OP^6�*�9 !�9Ep45&<=);C=*&P�p=:49E576On M�pX6;pm*�w=9,DA5&<=K=6��h576;pm*�<}9EpmDE5&9ECX+B<=:=6;C=<#"q*��A>_9Eph67576��pm*A>?68D,9�C=9�P *�'}9�MXph@L*&C=<45;< C=< !�9EC=*&P 9,C4*O@ *;3!p=< � �;*&N.*,+BDAM&DA5&)z6q9EpmD,2=9E:=<=P 9,Ch5767@ C=<#":49��,Mk@L57675764%��J*&C#� <=DA5&9,Ch5&C=*o:L6%�,P^6O5&:L67n�9�p=:=9A576On�6]DE5;:4MXC=9 M��k6;p4:=<=)OR�9EC=*&P 2=:=*;DE5&*;:4MD,6]5&*&:��,<7>_*&P C=9J2=*&DA5&*A>_< �X+B*&p �k6]w49,DE5;<=K4M|2=*;DE5&* >_<�C=9Epm*O@ <=pm*82L6;:45;<=p4Mk@B6;:4C=<#"":=9 �,Mk@ �57675764%}1J);*"24<4576On�9�>_98)z6%'}C=*�pX6;pm* � �&*&N82=<45767n�6"P *&NAM'�LC=*&DA5&< � 6�9,pmD,2=9E:=<=P 9EC45767@ C4M+ 9E5&9Ep=K=<7> M�5&*&:��,<7>_982=:=*&DA5&*&:4)&:=9,P 9ECL6��#576;pm*|<)� �;*&N]*&2=:=6;)7+�6;)&6On�6}<�+ M �OR�9EN]:L6%�EMXP 9 �)&6On�6�2=*&DE5OMk@B6O576oMq5&9,*;:=<7>_<�DA5&:4MXCL6h%
•  6%�,P^6O5&:L67n�9qDA@L9 +B9	�L9��

pole-dipole
6;2=:=*&pmDE<=P^6;K=<7>_9O% ��*;NEM'�L9�>_98M � 9A5&<�M�*����,<=: DA@ 9 �+ 99�L<�wh@B6OC�M

δ
:L6%� );*A> M�5;9,C��,*&:L6�9,C49,:=NE<7>_9$�X<4P 24Mk@ D 6�� <�<��,:L6kw4MXCL6O5&< 2=:=)OM�2=*;2=:L6;)&phM

C=6�>_9 +BC=6 w4<=C=9]p=:49E576On�64% �]<�� <=w4p=<��#*&);* � C=6 w4<�M �,<=P^6On�9�M�*���� <=:�P *&P 9,C4576�<4P 24Mk@ D 6P^675&9,:4<7>_9�*,+Qpm*A>_9�DE9|p=<=C=p D 6;DA5&*A>_<#%Y1 )&*q>_9 �k6�DA@LMXwL6 >8w=9,DA5&<=K=9�)&99� MX:L6%�X9,C4* � $kG�� �6 @ < � 6 DE5;:4MXC4M <
p � �&:L6;ChM C=<7>_9%��<YC=< >_98>?6;DEC=* +B6�@ <T�L9�DE9�24*&2=:L6;);ph6 *,+B:L6%�,<45&< <C=6 *��7@ <=p N,:L6;C4<=w=C=<#" M;DA@ *&)&6��J<h@ < D 6;P * CL6�>_9 +BC=6 w4<=C=9�p4:=9E576On�6h%r1 D,<=P 5&*&N 6#� M

u Z�a6m8cJs^]BH 
Pm8_ a priori
\JZnj*_	q^] [�] �G9�[(ZCa tB9 u ]YfYr��Cc�� Z�\JcJs^]P[�]FfpZC_%[QK6_9b	_9q`eJ_	m	b	q9[�]8\5K6_	b9_	qJc`[�]�]8eJqJ_9h?aYcVUj ]8sJc8fg]Fj ]8m	Z6qJcRfpZ=t^_	h?]8t^c�;6_9b9]	\JZ \^]4\JZ�h�_Yf'j*\J_GK�_9a6m8q�9�h�_9aYm	c \JZ ;%]8b	c(aYcn_%[n[(c^j*Z�\�;6c8fpZ�a�]	j*Z=j*\J_ K6_0aYm8q�9�h�_9a6m8c H

9�a�j*c^a tQ9Nh�_9j*e^_G;6c^sJcRfpZieJ_0aYm"9�eJh?]^r En]	c^j*ZGH 90h�_	t^cJh�_neJqJZ�m8eJ_9a6mR]8b	c(j*_o[�]�fpZFj ]	m8Z6qJc8fg]Ct^_	h?]8t^c�;6_9b9]	\^]F\(]Ct^cVU\JcRfpc H*]�;�]	m8c^j e^qJZ6m8e^_9aYmR]	b	c^j*_ [�]NfpZ t^_9h�]8t^c�;�_	b9]	\^] 9`fpZ [(\J_6fomR] u h^cK\^]7m8_6f t(cJ\JcRfpc H,qJZI; 9%t^mR]8m \JZ`a6j*ZN[�]aYZ`q(]";Yt(cJh�9%fpZ`_%[ eJqJZ�m8eJ_9a6mR]8b	h�Z�[�]�fpZ7j ]8m8Z�qJcRfg] 9LaYmR]8q^m"9Ht(_	h?]Rt^cB;6_	b0]8\^]�9Km�] u hJc'r�� a 9�eJq^_	m8\J_0j �9c^a6j*_j*_GK t^c [�] ;�]8h�LN9 u c^j*_K[�]Lj*Z6m	_%[ \Jc8fpZ7h�_9\�;6c^a6m8Z6\^m�]	\ H3fpZ�qJ;%]8b	c(aYc _%[ [(c^j*Z6\B;6cRfpZQj*\J_ K6_9a6m8q�9�h�_9a6m8c�h�_Yfp_0j]8eJq^_	h?aYc^j*c^q^]	j*_lj ]8m	Z6qJcRf 9�HJ_%[�\J_9a6\J_ _%[ qJZY[(_9aYt^Z [�]�aI9�hJsJZ�a6cJb	\^c?d ]8e^qJ_	h?aYc(j ]8sJcRfg]^rW �	
Q_GK t(_PaYZ H0\(]8c^j*Z H0[(_GK�_%[(cJm8c [�] \JZoeJ_9a6m8_Yfpc \Jc fpZY[(\^]Nm8Z6_9qJcRfg]NeJ_"Ln] h�_6fg] c^j ]NhJcJ\Jh�U qJZ
PZ � Z�9l_ �	t^cJh�9aYm8qB90\^ZQh0_6fpZQaYZ j*_8klZ eJ_0a6j ]8m	q^]8m8cF9 _9b	_6fN]8eJq^_	h?aYc^j ]	sJcRfpc'r��;_ �	c�;6\^] u c?t^_H[�]L_9aY\^_	b	\(]HeJq^Z6m8eJ_0aYmR]8b9h?]\^] u c��oZ6\(] 9 q^]�[ 9`\JcRfpZn\Jc^h�]R[ c^aYe�9 �oZ6\^]^r
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D @LMXwL6 > M�+�6 p4<=C=pQC=9EP^6 P^6;DAM � 5A>E% +B6�>_9")&*,+B99�L<YD 6��&<4:L6;p M
δ
:L6+� )&*A> M�ChM @ 63� ��*;)z62=:4)z6.2=*;2=:L6;)&pX6��k6;2=:=6;)&*!24:=9 +BDA576;)OR.6!C=6 >_C=<�'oMo6;2=:=*;pXDE<=P^6;K=< > M � 6.p=<4C=p��X<�*,+B:=9��mM >_9n�9EN,*&);Mq5&:L6 >_9Ep45&*;:=<7> MB%

• ��@B6OD,<�!�<=pX6;K=< >?6]P *&NEM'�L<#"�ph6OC=*&C=DEp=<#"|*��7@ <=pX6]P^6;D,9EC=*&N�5;9,C��,*&:L6 �k6]*&2h3!5&<|D @LMXwL6 >
p ��&:=6;C=9;%  9��EM @=576O5&<|*&)&9�6;CL67@L<�� 9 �&<�P *&N?@ < �&<45&<qpX*;:=<=D,C4<�M}24:=<=P 9,C4<�5&9,*;:=<7>_9 DA5&:4MXCL6

<8P 9,P �;:L6;CL6 2=:4<}P *,+B9 @ <=:L6On M "m6 + :=*&C=DEp=<#"o<=C45;9,:L6Op=K=<7>?6�<�M�+B:4MXNE<=P�*��7@B6;DE5;<=P^6JN_+B9DE9�>?6O)OR.6]2=*;5;:=9 �z6��k6�9,pmDA5&9,Cm+B<=:L6;C4<=P *��A>_9,ph5&<=P^64%
• �]*&:4P M @ 6;K=<7>?6o9 !�9,p45;<=)&C=*;N.@B6;NE:L6;C�'}<7>?6;CL6o*,+BC=*&DEC=*8+B9 >_DE5;)z6 �k6o<�� );9 +B9EC=9 >_9 + CL6kw=<=C=9p=:49E576On�64%^\J<45767n�9 CL6kw=<4CL6.CL6�pm*A>_< �;<}DE9�*&)&*�P *&N?@L*.MXw=<=C=<h5&<.>_9S:=9A@ 6O5&<=);C=*]C=9 >?6;D,C=*��68:=9��EMk@L576O5 �&<*�&<=*opX6;pm*qpm*&:=<4DE576;C��B576;pm*q<�)z6%'86;C�%NM�6;<4P 9�� 9,)&9EC45;M&67@ C=<�@ 6;N,:L6OC�'q< �>?6;C �&<|*&P *;NEM'�L<=*opX6;C=*&C=DEp4M|6;C=67@ <��EM

Hamilton
*&)&9JDA5&:4MXp45OMh:49]9 !�9,ph5&<=)&C49.5&9E*&:=<7>_9%�L<+B:=6;DE5;<=w=C=*�*O@B6;p43]6;*|D,)&9o6;C=67@ <��,9o);9��k6OC=9 �k6�2=<4576On�6|D,<4P 9E5&:4<7>_9;% �J*&CL6kw=C=*�� @ 6;N,:L6 �C�'}<7>?6;C �&<�*;P *&NEM'�L<=*�ph6OpX* :=6%� P^6O5;:L6On�9q67@L5&9E:=CL6O5;<=)&C=< "�5&9E*&:=<7>?6�DA5&:4MXCL6�C=6 !JMXC �+�6OP 9,C45767@LC=*&P C=<=);*;M �X576;pm*.<qP *,+B9A@L<=:L6On�9 :L6%�,C=*&:L6%�,C=<#"}9 !�9Ep45&<=);C=<#"}5&9,*;:=<7>?6.DE);M +�6N_+B9�5&9E*&:=<7>?68DE5;:4MXCL6}<

p � �&:L6;C=68<4P^6824:=<=P 9,ChM�%
M�6;2=*&P 9EC=<=P * >_*;3-+�682=*&DE5;*A>_<"<]>_9 +�6;C"P^6O5&9EP^6O5&<4w=p=<�2=:=6;)z6;K|<=DA5&:L6%'}<=)z67n�6��=pm*A>_<=P �&<D,9�9EN�� 6;p45&C4* �k6OD,C=*&)&6;*�:L6%�,)&*A> M�:=9 +�2=*|<�� )&*,+B<4P^6

Dirac
*&)&9

δ
!JMXC=p=K4<7>_9�� D,p4<=K=<=:L6OC M|+B* �+�6O5;p4M U.%^\J*;5&:=9��&C=* >_9 !�*&:4P M @L<=D 6O5;<A� <}+B*&pX6%� 6O5&< ��* + N,*&)z6O:L6 > M'�L9�5;9,*&:=9EP 9�pX* >_9 �&<o+B9�!�< �C=<=D,67@ 9J<|2=:=9EK=<��,<=:L67@ 9�*��7@B6;DE5824:=<=P 9,CXR�<=)&*&DA5&<":L6%� );*A>?6��hM;DA@ *;)&9Jpm*&C=)&9E:=N,9EC=K=<7>_9%�B*;D,*��&<4C=9pm*&9 !�<=K4<7>_9,CL67576}M�:L6%�,)&*A> M �=<45,+ %
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DIRAC
� � �

δ � � � � � 	
�

1 )z6 > +B*,+�67576;p.>_9 24*&D,)&9	�L9,C !�*&:4P^67@ <��,P M}:=6%� )&< >?6On�6 +B6O5&9 !JMXC=p=K4<7>_9 M �&9ED,pm*&CL6kwL6;C�:49 +2=* <�� );* + <=P^6
Dirac

*&)&9
δ
!JMhC4p=K=<7>_9O% � � )&*��X9En�9^phRSMXw=C=< " !�*;:=P Mk@B6L�pU!%HG3�#< �pU!%UT'�m>_9�CL6;<=)&C4*��

�&9 ��P^6O5;9,P^6O5;<=w=pm9�DA5&:=*&NE*&DE5;<��;5 >E% 2=:=9A5&2=*;DE576;)OR.6OP * +�6�+�6O576 !JMXC=p=K4<7>?6 <=P^6 D,)&9^*&DE*��&<=C49W2=* �5&:49 �&C=9 � 6�<#� )&*��X9En�9O%nM�6 p=:L6 > MK�L9,P *�+�6O5;<J>_9 +BC4M!<=C45;MX<45;<=)&C4Mo<=Ch5&9,:42=:=9E576OK=<7> M}:=9��EM @=576O576��<"2=*&)&9 �k6O5;<�N 68D 68:L6%�,)&*A>_9,P 2=*8P Mk@L5&<=24*O@ <=P^6��4+B*��&:=*82=*��,CL6O5&<4PQ<���9A@ 9Ep45&:4* + <=CL6;P <=pm9O%
 6%�,P *;5&:4<=P *}:49 67@ ChM�!JMXC=p=K=<7> M

f(x)
�4<�� 6;2=<43!<=P *�>_9 pX6;*

Fourier
*&)8<=C45&9EN,:L6 @V� 2=*,+B:L6 ��,MXP 9E)z6 > M'�L<|+B6�n�9EC

Fourier
*&)o5&:L6;C4D !�*&:=P �

f̃(k)
�L24*&DE5;*A>_<!� 

f(x) =

∫

R

dk f̃(k)eikx,
N_+B9�>_9

f̃(k) =
1

2π

∫

R

dx f(x)e−ikx.
�gU.% $?�

V�6 +�6�:=6%� )&< >?6;P *
f̃(k)

M
Taylor

*&)�:=9 +�*;pX*�576kw=pm9
k = 0

� 576;pm*��X9o24:=9E5;2=*&DE576O)OR.6 > M'�L<�+�6�>_9*&)&*8P *&NAM'�L9?� 
f̃(k) =

∞
∑

n=0

ankn, an =
1

n!

dn

dkn
f̃(k)

∣

∣

∣

∣

k=0

.
�gU.% /��

v#6O5;<=P � 6;P 9,C=<4P * �pU!%0/���M �gU.% $J�$�=2L68DA@ 9 +B< 

f(x) =

∫

R

dk eikx

(

∞
∑

n=0

ankn

)

.

�J*&CL6kw=C=*�� 2=:49E5&24*&DE576;);<=P *�+�6�>_9!+B*%� )&*OR�9EC=* �k6;P 9EC=<45&< P 9EDE576�DAMXP <�<�<4C45&9EN,:L67@=M � 2=6")&: �3]<4P *}<=Ch5&9,NE:L6;K=< > M�wX@B6;C"2=*}wX@B6;C 

f(x) =
∞
∑

n=0

an

∫

R

dk kneikx.

]6 �&<=D,P *o:=9A3]<h@ <�<=C45;9,N,:=67@ �B2=*,+BD,9A5&<=P *}D,9�<X+B9EC45&<45;9E576�

kneikx = (−i)n dn

dxn
eikx,

T=$



Tm/ � ���+���:� � �/
� � � � ��� ��� � � � ���J�����
DIRAC

� ���
δ � � 	��������B�

2L68:L6kw4MXCL6;P *�
∫

R

dk kneikx =

∫

R

dk (−i)n dn

dxn
eikx

= (−i)n dn

dxn

∫

R

dk eikx

= 2π(−i)n dn

dxn
δ(x).

]6;ph@L9�� � 6;phRSMXw4M >_9,P *}+B6qD,9!JMXC=p=K4<7>?6
f(x)

P *�'}9!:=6%� )&<h5&<�M � �&9ED,pm*&CL6kwL6OC!� :=9 + 2=*�<��,)&* �+B<4P^6
Dirac

*;)&9
δ
!JMhC4p=K=<7>_9<� *&pm*�576kw=pm9

x = 0
� 

f(x) =

∞
∑

n=0

bn

dn

dxn
δ(x),

N_+B9�DEM�pX*;9 !�<=K=<7>_9A5&<
bn

+�675&<"ph6O* 

bn =
(−1)n

n!

∫

R

dx xnf(x).

�JC45;9,N,:=67@ CL6!+B9ED,C=*A> DE5;:L6;C=<�D,9�*��&<=w4C=*}C=6%� <=)&6 "��?"��R��/
n
IY/(� �#2F�D�F& 
l1O�*+��O)�50�

f(x)
%

M�6;:L6;)&C4*���M �8P^67@ 9�P *,+B<�!�<4ph6OK=<7>_9�N,*;:4n�9�2=:=*&K49 + MX:=98P *&NAM;�=9 >_9]:L6%�,)&<45&<
f(x)

C=9�*&pm*
x = 0

�XC=9,NE*]*&pm*!24:=*&<��,)&*OR�C=9 576 w4pX9
z
% �6 �&<=DEP *.5&*!2=*&DE5;<=N?@ < �=M#�&6;K=<=P *�M �pU!%'$J� 2=*,+ � CL6Op<=Ch5&9,NE:L67@B6.<�� :L6+�

eikze−ikz � pm*A>_<�>_9S*&w4<=N?@ 9 + C=* >_9 + CL6;p
1
� �m<}2=*&C=*&);<=P *!6OCL67@ *&N 6OC}2=*;DE5;MX2L6Op

C=9�p=)&6;:=99�=<�2=:=<h5&*&P <�� :L6+�
eik(x−z) %  9 �,Mk@L5;M > M'�L< :L6+� )&*A>�>_9�

f(x) =
∞
∑

n=0

bn

dn

dxn
δ(x − z),

+B*;p�DAM�pm*&9 !�<=K=< >_9,C45;<
bn

D 6 +�6!+�6O5;<�pX6;*�

bn =
(−1)n

n!

∫

R

dx (x − z)nf(x).

M�6;:L6;)&C4*�� P *�'}9�D,9�<,�L<�< +�67R�9��^<�M;*&243!5;<45&<YCL6
d � +B<4P 9,C��,<=*&CL67@ 6;C�DA@LMXwL6 >E% U�pm*q>_9

� 6 +�6O576�!JMXC=p=K=< >?6
f(x) ≡ f(x1, . . . , xd)

��pX6;*�<�576kw=pX6
z ≡ (z1, . . . , zd)

��*;CX+�6q)z6+'q<�*&243!576
!�*&:=P Mk@B6 

f(x) =
∞
∑

n=0

bµ1 ...µn∂µ1
. . . ∂µn

δ(d)(x − z),
�gU!%HG3�

N_+B9�<4CX+B9,pmDE<
µi

M � <=P^6 > M�)&:49 +BC=*;DE5&< *,+
1
+ *

d
�
δ(d)(x − z)

*��,CL6kwL6;)&6
d � +B<=P 9EC=D,<4*&CL67@ ChM δ!JMXC=p=K=< > M � 5A>E% 2=:=*;<�� )&*,+

d
>_9 +BC=*,+B<4P 9,C��,<=*&CL67@LC=<#"

δ
!JMXC=p=K=<7>?6�� �=6

∂µ

*��,CL6kwL6;)z6 +B<�!�9,:=9EC �K=<4:L6On�9�2=*
xµ %�1 +BNE*&)z6;:L6 > M;�L6�!�*&:4P M @ 6�� 6opm*&9�!�<4K=<7>_9,Ch5&9.576k+�6oN?@ 6;D,< 

bµ1 ...µn =
(−1)n

n!

∫

Rd

ddx (xµ1 − zµ1) . . . (xµn − zµn)f(x).
�pU!%UT'�



� ���+������� �/
� � � � ��� ��� � � � ���J�����
DIRAC

� ���
δ � � 	 �������B� TzG

�JC45&9E:=2=:=9A576;K=<7>?6Y:=6%� )&* >?6 �pU!%HG3��>_9�DA@ 9 +B99�L64% \�:49E5&24*&DE576;);<=P *�+�6�>_9 !JMXC=p=K=<7>?6
f(x)@ *&pX67@L<�� *&)&6;CL6q*&pm*�576kw=pm9

z
��<�+�6}5&9 'q< ChM @L<�)&9,*;P^6 �&:��,*�pX6;pm*�D,9!M +�67R.6O)z6;P *q*,+

z
% U�pm*2=*&N?@L9 +�6;P * !�MXC=p4K=<7> MK@&<��A+B67@ 9,pX6�@��&P *�'}9,P * >_9�6;24:=*&pmD,<=P <4:L6O5&<

δ
!JMXC=p=K=<7>_*;P �;3!5;*�>_9W24:=)&<wh@B6OC�M �pU!%HG3�A%�V�6k+�6���pX6;pm*�DE9]2=:=<��7@ <�'q6;)z6;P *

z
�#)&<X+B<4P *�D,)&9!)&<43]9!< )&<43]9L@&DE5;:4MXp45;MX:=99@M

f(x)
�L<�M � <4P^6;P *}M�*���� <=:q+B:hMhNE<�<"DA@ 9 +B99�=9!wh@B6OC=*&)&9 M �pU!%HG3�A%

� 6;pm*��X9.P *%'q9 �&<h5&<�<4C=DE5;:4MXp45&<=);C=*}+�68:L6%� P *O5&:=<=P *}2=:=<=P 9E:#% MJ9Eph6�>_9
d = 3

�L<�C=9EpX6 >_9
f(x)

9A@ 9Ep45&:=*;DE576O5;<=w=pX6�NEM&DA5&<=C=6�CL6;9A@L9,p45;:=<=D 67n�6��
ρ(r)

�L<�� )&*;:L6�@L*&pX67@ <��,*&)z6;C=*;N�*;pX*8576kw=pm9
r = 0

%�v#6�2=:=)&6!+ )z6opm*&9�!�<=K=<7>_9EC4576oM�:=6%� )&* > M}+B*��;<7>?6;P * 

n = 0 : b =

∫

R3

d3r ρ(r) = Q,

n = 1 : b = −
∫

R3

d3r rρ(r) = −p,

N_+B982=:=9E2=*��,CL6 >_9,P *
Q
<

p
pX6;*�MXp4MX2=C=*"CL6;9A@L9,p45;:=<=D 67n�9}<�9A@L9,p45;:=*&DE57675&<=w=p4< +B<=2=*O@LC=<�P * �P 9,Ch5q<��,)&*&:L6h% �6Oph@ 9��L:=6%� )&* >SP *�'�9,P *82=<4D 6O5;<�pX6;* 

ρ(r) = Qδ(3)(r) − p · ∇δ(3)(r) +
)&<h3]<"wh@B6;C=*;)&<#%

V�6 +�6#�z6;pm* '}9A@ <4P * +�6�<��,:L6kw4MXCL6;P *J9 @ 9,p45;:=*&DA576O5&<=w4p=<q2=*O5&9,C4K=<7>?67@
ϕ(r)

+B67@ 9,pm* *,+o<#� )&*&:=6��<=DEpX*;:=<=DE5;<=P *�2=*%� CL6O5;<�<��,:L6%��<���9A@L9,p45;:=*,+B<=CL6;P <4pX9%�

ϕ(r) =

∫

R3

d3r ′ ρ(r ′)

|r − r ′| ,

v#6;P 9EC=<=P *�� <=C45&9EN,:L6 @ <=P * 2=:=);<�wh@B6;C�+B<=:=9Ep45&C=*�6�+B:4MXN,< 2=6;:=K=<7>?6 @ C=*&P <4C45&9EN,:L6;K4<7>_*&P � <+B*��;<7>?6;P * 
ϕ(r) =

Q

r
+

p · r
r3

+
)&<h3]<"wh@B6;C=*;)&<

,

3!5;*J2=:=9 +BDE576;)7R.6S+B*��&:4*�2=*��,CL6O5;<�:L6%� );*A>�2=* P Mk@L5;<=2=*O@L<=P^6 <���9 @ 9,ph5&:=*,+B<=C=6;P <=pm9 �H/;G�� % 1 )z6 >2=:=<4P 9,: <h@LM&DA5&:4M >_9 D,P <=D,6;*�:L6%�,)&*A>?6�2=* <��,)&*,+B<=P^6
δ
!JMXC=p=K4<7>_9�� < 24:4M '�6 *,+BN,*;)z6;:L6 > M'�=M<=C45OMX<=K=<7> MB%





� � ��� ��� �

� � � � � � � � � � � �
STOKES

� � �
� � � � � �

(�CL6 >_*&243.5&<7>_9EPQDA@=Mhw=6 > M �
Stokes

*;)z685;9,*&:49,P^6}N?@ 6;D,< 
∫

M

dA =

∫

∂M

A,
� s�% $?�

N_+B9q>_9 M P C=*&NE*&DE5;:4MXpm*&DE5�+B<=P 9,C#� <7>_9
p + 1

�
∂M n�9ECL6�N,:L6OC=<=KL6���6

A
2=:4*&<�� );*OR�CL6

p �!�*&:=P^64%.V�6�*&)&9]6;2=DE5;:L6;p45;C=9oC=*;576;K=< >_9o24:=9A@B6+� <=P *|CL6�P^67@L*"pm*&C4p=:=9E5;C=<7>_< *��O@ <4p�5;9,*&:49,P 9CL6�DA@ 9 +B99�L<qCL6kw=<=C#% M�6 >_2=:49 MX)&*,+B<=P *!pX*;*&:;+B<=CL6O5;9
ξ
CL6 M �m<

p � !�*;:=P M A
�k6;24<=DEM >_9,P *!ph6O* 

A = Aa1...ap
dξa1 ∧ . . . ∧ dξap .

�J*&P 2=*&C49,C45;9�M|:L6+� )&*A> M�DEM|2=*;5;24MXC=*�6OC45&<=DE<=P 9E5;:=<=w=C49]M�*,+BC=*&DAM|CL6�� 6;P 9,ChM �&<h@ *opm*A>?6]+ )z6<=CX+ 9,pmD 64%�V�2=*OR.673!n�<"<�� )&*,+�*&)&9 !�*&:=P 9�>_9 576 +B6�
dA =

(

∂bAa1...ap

)

dξb ∧ dξa1 ∧ . . . ∧ dξap,

��9,)z6�DA5&:L6;C=6J>_9 + CL6kw=<=C=9<� s�%'$J��DE9�D,6 +�68:L6kw4MXCL6}C=68D @ 9 + 99�L<�CL6kw=<=C 
∫

M

dA =

∫

M

(

∂bAa1...ap

)

dξb ∧ dξa1 ∧ . . . ∧ dξap,

C=*8<=P^6 > M'�L<"M�)&<X+LM}+�6 >_9�2=*,+)�,CL6;pm*&PY<4C45&9EN,:L67@ 6
dξb ∧ dξa1 ∧ . . . ∧ dξap = εba1...apd(p+1)ξ,

<=P^6;P *�
∫

M

dA =

∫

M

d(p+1)ξ ∂b

(

εba1...apAa1...ap

)

=

∫

M

d(p+1)ξ ∂bB
b,

� s�% /��
N_+B9�>_9J2=*]+B9 !�<=C=<4K=<7>_<

Bb
� ���
= εba1...apAa1 ...ap

.
� s�%0G��

Tm[



TzZ � ���+������� � 
 ��� 	��  ����� ��� 	 �
STOKES

� ��� �����  �����

\J*��k6��&6;)&<=P *�DE9�D,6 +�6.+B9ED,C=*&PYDE5&:=6;C=*&P >_9 +BCL6kw=<4C=9 � s�%'$J�A% ]6 �&<=DEP *}<��,:L6kw4MXCL67@ <�<=C45;9 �NE:L67@ !�*&:4P 9��mCL6 >_2=:49 5;:=9 �z6 +�6�CL6;2=<43!9,P *.2L6;:L6;P 9A576;:=DEpX9^>_9 +BCL6kw=<4C=9�NE:L6;C=<=K49
∂M 24*.pm*A>_*A>)&:h3]<=P *�<=C45;9,N,:=6;K=<7> MB%W\�*O3!5&*�>_9W+B<=P 9EC�� < >?6.N,:=6;C=<=K=9

p
�&MX)&*,+B<4P *�5;*O@ <=pm*!2=6;:L6;P 9A576;:L6��

λi �<�5;:L6%'�9EC=9�2L6;:L6;P 9A576;:=DEpX9�>_9 +BCL6kw=<=C=9�2=<h3]9,P *8pX6;*
ξ = ξ(λ)

�h2=:4<"w49,P M
ξ
pm*&*&:;+B<=CL67576o<=P^6

p + 1
��+B*;p

λ
pm*&*&:;+B<4CL6O576�<=P^6

p
%qV�6 +�6|2=*&DA5;MX2L6;P *�pX6;*"N,*;:=9���2=:=< w=9,P M !�*&:=P M

A
D 6 +�65;:=9 �z6o:L6%�,)&<45&<"2=* �z6%�,<

dλi % �6Oph@ 9��L24*;3!5;*�>_9�

dξa =
∂ξa

∂λi
dλi,

<=P^6OP * 
A = Aa1...ap

∂ξa1

∂λi1
. . .

∂ξap

∂λip
dλi1 ∧ . . . ∧ dλip.

\J*;5;24MXC=*�6;C=67@ *&NEC=*8ph6O*}P^67@L*&2=:=9%�L2=*,+)�,CL6;pm*&PY<4C45&9EN,:L67@ 6�>_9�� D,6 +�68CL6�N,:L6;C4<=K=<
∂M �

dλi1 ∧ . . . ∧ dλip = εi1...ipdpλ,

2L68<=P^6;P *�
∫

∂M

A =

∫

∂M

dpλ Aa1 ...ap

∂ξa1

∂λi1
. . .

∂ξap

∂λip
εi1...ip .

� s�%UT'�
\J:=9.C=9,NE*�3!5&*q<�� >_9 +BCL6kw=<=P *q@ 9E);M�DE5&:=6;C4M�D 68+B9ED,C=*;P ��9A@L<=P <=C=<43!<=P *�pm*&P 2=*&C49,C45;9

Aa1...apM�pm*&:4<=DE5
Bb C=68D @ 9 + 99�L<�CL6kw=<=C#%W\J*&P C=*�'}<=P * >_9 + CL6kw=<=C4MA� s�%0G�� D,6

εab1...bp



Bbεbb1...bp
= εbb1...bp

εba1...apAa1...ap
≡ ε

ba1...ap

bb1...bp
Aa1...ap

.

V�6 +B6�� 24*;3!5;* DAMQpm*&P 2=*&C49,C45;9
A
6;C45&<4D,<=P 9A5&:=<=w4C=9�CL6 � 6;P 9,C4M �&<h@ *�pm*A>?6 +B)&6�<=CX+B9EpXD,6��+B9ED,CL6oDE5;:L6;CL68D,9�D,);* + <�CL6�

ε
ba1...ap

bb1...bp
Aa1...ap

= p!Ab1...bp
,2L68<=P^6;P *�

Ab1...bp
=

1

p!
Bbεbb1...bp

.

v#6;P 9EC=*&P M � s�%UT'��D,6 +�6!+B*��&<7>?6OP * 
∫

∂M

A =
1

p!

∫

∂M

dpλ Bbεba1...ap

∂ξa1

∂λi1
. . .

∂ξap

∂λip
εi1...ip =

∫

∂M

dpλ Bbnb,
� s�%0[��

N_+B9�>_9�2=*!+B9 !�<=C4<=K=<7>_< 
nb

�����
=

1

p!
εba1...ap

∂ξa1

∂λi1
. . .

∂ξap

∂λip
εi1...ip.

V�6 +B6o<�� >_9 +BC=6 w=6;)z6;P * � s�%0/���D,6 � s�% [���2=*}<4D,pX6%�,M�5;9,*&:49,P 9�� 2L68DA@L9 +B< 
∫

M

d(p+1)ξ ∂bB
b =

∫

∂M

dpλ Bbnb.

(�*&)&*;P *��7@ <=p4M�DEP *
Stokes

*;);M�5&9E*&:=9,P M�MX2=*O5&:=9��&<h@ <�Mq5&9,pmDA5;MB%



� ���+������� � 
 ��� 	��  ����� ��� 	 �
STOKES

� ��� ����� ������ Tmy

M�6;2=*&P 9EC=<=P *�>_*;3 +B)z6 + 9E5767R.64%-\J:=)&*���+�6 �&< �,CL6;p MY5;9,*&:=9EP < �;<=*�+B*��z6;: � �;M + M'�L<+�6�>_9�N,:L6;C4<=KL6
∂M @&*&:=< >_9,C45;<=D 6;C=6�@'� �

Levi � Civita
D,<=P �&*7@ < � 6 M <

∂M P *&:L6 > M �;<45&<M&DEph@B6%�X9EC=< � M�D,P <=D @LM�+�6 D,9|<�>_9 +B6;C�<�+ :4MXN,<Y24*&CL6O3]6 > M 2=:=9EP^6 2=:L6;)&<X@LM @7+B9ED,C=*;N0@ <h@ <
@O@ 9E)&*&N �k6O)&:45;n�6(@'�A% M�6�2=:=<=P 9E:�� <=D,24:L6;)&CL6�>_9�+B9 !�<=C4<=K=<7>?6�

ε012...p = +1, ε12...p = +1.

!:4MXN,*�� )&9Ep45&*;:
nb

� *&);9,P * @;C=*&:=P^67@ 6�@ <#��2=:=*;DE5&*;N�:L6%�A@ *&N 6�3!5&*�*&C 5;*�<�>_9,DE5;9;% ]6
�&<=DEP *�5&*|2=*&pX6%� 67@ <�� <#�k6��&9E:=<=P *|C=9Ep=<�)&9,p45;*&: pX* >_<}>_9]576;C=N,9EC4576;C CL6�N,:L6OC=<=K4M

∂M � < 24* �P C=*�'}<=P *�N 6|D,pX67@ 6;:=C=*�D 6
nb

% M�98MXP^6On M > M'�L<�*&2h3!5&*;DE5 : � �k6�576;C=NE9,C45;C=< )&9,ph5&*&:�P *�'�9EP *M � 9A5&<
∂ξb/∂λi1

%�V�@L9 +B< 
∂ξb

∂λi1
nb =

1

p!
εba1...ap

∂ξb

∂λi1

∂ξa1

∂λi1
. . .

∂ξap

∂λip
εi1...ip = 0,

>_9,:!>_9 24:=)&<
ε
DE<=P �&*O@�6OC45&<=DE<=P 9E5;:=<=wL6OC�CL6 �k6OP 9,C4Mq<=CX+B9EpXD,6

b
<

a1
�X+B*&p.>_9J2=:4*&<�� );* +�2=:4)z6

+B)z6�:L6+�E@ *&P pX68D,<=P 9A5&:=<4wL6;C#%v#6;phRSMXw4M >_9,P *|+�6�>_9
nb

*&:45;*&N,*;CL67@B6;C�CL6�D,);9}576;C=NE9,C45;C=9|)&9,ph5&*&:=9q<��
∂M � 6�2=*;3!5;*o>_9

dimM = p + 1
<

dim ∂M = p
� *&C�+ 9 !�<=C=<43!9�>_9 +B<=C=<�24:L6;)z6;K pm*A>_<|>_9o*&:45;*&N,*&C=67@B6;C�C=6N,:=6;C=<=K4M � < � �&*&N 5;*&N 6J>_9�*&24:L6;)7+�6OC"C=6%� <=)�@&)&9Ep45&*;:�C=*;:=P^67@ 99@=%

W ��b9]	h�]	h�_BH�c^j ] f 9 	Jc 9 b	c�[ 9`eJqJc^aI99a6m8b	_�[(qB9SK�_GK
ε
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